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PREFACE. 


Tae following pages contain Solutions of the Exercises given in 
the “ Elements of Plane Geometry” in Chambers’s Educational 
Course—forming what is usually termed a Key to that volume. 
Such a Key will be of utility to those privately prosecuting the 
study of Geometry ; and when consulted only after the Student has 
made every effort from his own knowledge to solve an Exercise, it 
will be found to supply in some measure the office of an Instructor. 
Tt will likewise be of advantage to those Teachers whose school- 
room duties are so varied and miscellaneous as to prevent them 
from bestowing that time and study which Mathematical Solutions 
in general require. Nor will the volume be without ite use to every 
class of Geometrical Scholars, as it may be read as a sequel to the 
ordinary course of study contained in the Elements of Euclid. 


Several of the Exercises given are original; and in the Solations 
of all, the Author has endeavoured to be as plain and explicit as 
possile-—adopting methods more simple and concise than are to 
be found in most collections of a similar nature. 
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EXERCISE I.-—~THEOREM. 


A tine that bisects the vertical angle of an isosceles tri- 
angle, also bisects the base perpendicularly. 


Let ABC be an isosceles triangle, of which the ver- 


tical angle ACB is bisected by the line CD, C 
then AB i is bisected in D, and CD is per- 
pendicular to AB. 


For AC = CB (I. Def. 6), and CD is 
common to the two triangles ACD, BCD ; 
therefore the two sides AC, CD, are equal 
to BC, OD, respectively, and the contained ADB 
angles "ACD, BCD, are ay and hypothesis); hence the 
triangles are ev , and consequently AD 
== DB, and ag A C= » spe? but these are adjacent 


it: Wee hence they are right, and CD is perpendicular tv 
EXERCISE 1!.-—-PROBLEM. 


In a given straight line, to find a point equally distant 
from two given points, 

Let AB be the given and PQ, 
the given pointy to ind «pat nt Cn 
AB, that shall be equidistant from the 
points P and Q 

Join P aad Q, bisect PQ in D, and ZX 
draw CD perpendicular to PQ, and produce it to cut AB 
in C; and then C is the required point. 
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For in the two triangles CDP, CDQ, PD = DQ, and 
CD is common, and the angles CDP, CDQ, are equal, being 
right; consequently (I. 4) the triangles are everyway equal, 
and CP = CQ; wherefore C is the required point. 


It is evident, when the given points are on opposite sides 
of the given line, or when one of the points is in the given 
line, that the same construction and proof will apply as in 
re above case, when the points are on one side of the 
ine. 


When the two points are so situated that the line joining 
them is perpendicular to the given line, the problem is im- 
pees unless they happen to be equidistant from the 
ine; for the line bisecting perpendicularly the line joining 
them, would be parallel to the given line, and would there- 
fore never meet it. 


EXERCISE I1].—-THEOREM. 


If a tine be bisected perpendicularly by another line, every 
point in the latter is ‘equally distant from the extremities 
of the former; and any point not situated in the Jatter is at 
unequal distances from the extremities of the former. 


Let EF be bisected perpendicularly by PL, then any point 
G in PI. is equidistant from E and F ; and . 
a point K, not situated in PL, is at unequal 
distances from E and F. G 
For join GE, and GF; then, because 
El = IF (by hypothesis), and 1 is com- 
mon to the two triangles EIG, FIG, and the 
angles at I are equal, being nght ; therefore 
(I. 4) the triangles are equal in every re- © 7 
spect, and therefore EG = GF; also angle L 
EI =: GFI. 


Again, because angle GEI = GFI, therefore KFI, which 
exoeeds GFI, is — than GEJ, and consequently 
(I. 19) the. side is than KF; or K is un- 
equally distant from E and F. 


K 
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It ma mee be proved, by means of I. 20, that KE is 
greater t , 


EXERCISE IV.-—-THEOREM. 


If any line be drawn through the middle point of the 
line joining two given points, any two tit in the former 
line that are equidistant from the middle point, are also 
equidistant from the two given points. 


Let MN be the given points, O the middle of MN, 
and XY any line through 0; also 
let OX = OY, then will MX — 
NY. : 

For in the triangles OMX, ONY, 
the sides OX, OM, in the one, are 
respectively equal to OY, ON, in 
the other, and the vertical angles at 
O are equal (I. 15); consequently 
2 4) ‘the triangles are everyway equal, and therefore 


~~ e 





It is evident that, in whatever direction the Jine XY is 
drawn, provided it passes through the point O, the same 
reasoning will apply. This exercise may be considered to 
be a theoretical porism (see Porism, p. 208, Plane Geo- 
metry). : 


BXEROIBE V-—THEOREN. 


Of all the lines that can be drawn from a given point to 
8 given line, the perpendicular upon it is the least; and of 

others, that which is nearer to the perpendicular is less 
than one more remote; and only two lines can be 
drawn to it from that point, one upon each side of the per- 
pendicular. 

Let KL bee en a ae Reena ie 
pendicular on aMi.ON, OP, any other lines; then OM 
is the least; and ON ia han OP: also only two équel 
lines, ON, OQ, can be from O to KL, one on each 
side of the perpendicular OR, 
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For in triangle OMN, the angle at M is right, and conse- 
aently (I. 32, Cor.) the angle at 
TGs lesa thant u right angle: ence 
I. 19) ON is greater than OM. In 
the same manner it is proved that 
OP or OQ is greater than OM. 
Again, angle ONP, being an ex- K—<—--—-- L 
terior angle of the triangle OMN, is e 
the interior angles OMN;; that is, ONP is ob- 
tuse: but in triangle OMP, right-angled at M, the angle 
OPM must be acute (I. 32, Cor.) ; consequently angle 
ONP is greater than OPM, hence (I. 19) OP is greater 
than ON. ' ; 
Lastly, make MQ = MN, and join OQ; then, in the 
triangles OMN, OMQ, the side BIN — MQ, and OM is 
common to them, and the angles at M are equal, being 
right; hence the triangles are everyway equal, and there- 
Akela a0 rae renga hots ON can be drawn 
ual to 3 for,i ible, let the ling; then, since 
ON and OP are at nasaan distances trong the perpendi- 
cular OM, they are unequal; but ON = OQ; therefore OP 
cannot be equal to OQ. i"; ° | 


EXERCI8E VI.-—-THEOREM. 


The difference between two sides of a triangle is less 
than the third side. . 


Tet ABC be a triangle; then the difference between any 
two of ite aides, as AB and AC, is less than the third 
side BC. | . 

For of the two sides AB, AC, let AB be the greater, and 
from it cut off a part, == AO the Cc 
lesa, then (I. 20) AC and CB are 
greater than AIS or AD and DB; and 
if from these unequals the equals AC 
and AD be taken away, the remainder A DB 
CB will still be greater than the remainder DB. 


When the sides AB, AC, happen to be their 
difference is nothing, and the proposition is evident ; it is 
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also evident when the third side BC is equal to the greater 
side AB. 


EXERCISE V1.~-THEOREM. 


The perpendiculars drawn from two given points to any 
line that bisects the line joining the reilis are equal. 


Let MN be the given points (fig. to Ex. 4), O the middle 
of MN, XY any line through O, and MR, N8, perpendi- 
culars on XY from M and N, then MR = NS. 

For in the triangles OMR, ONS, the vertical wa te at 
O are equal (I. 15); the right angles at R, 8, are equal ; and 
the sides OM, ON, are also equal; hence (I. 26) the two 
triangles are equal in every respect, and therefore MR = 


It is evident that if the line XY passes through the point 
O in any other direction, that the same proof, ~ 


EXERCISE VIIl.——THROREM. 


Every point in the line that bisects a given angle is equi- 
distant from the sides of the angle. 

Let AB, AC, be the sides of an angle BAC, which is 
bisected by the line a ae if, Cc 
from any point O in A @ per- 
pendisulars OF, OF, be drawn upon , 
the sides, then is OF = OF. D 

For in the triangles AOE, AOF, 
rachael vir one con- ae 
struction, the angles at Barve 4 ¥ B 
right, and SL on tae common to the — les ; 
com ey are everyway equal, ‘Z 
oe OF OE, 





EXERCISE 1X.—THROREM. 
If the alternate extremities of two equal and 
lines be joined, the connecting lines bisect each other. 
Let MN, KL, be two equal and parallel lines; then ML 
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and KN, joining their alternate extremities, bisect each 
other in O, 
For in the two triangles MON, KOL, the vertical angles 


at O are equal (I. 15), the alternate angles © N 
at M and L are equal, and the sides KL, 

MN, are also equal ; therefore (I. 26) the 

triangles are equal in every respect, and 

consequently OK — ON, and OL=OM; & L 


that is, ML and KN are bisected in O. 


EXERCISE X.-—THEOREM. 


If the vertical angle of an isosceles triangle be a night 
angle, cach of the angles at the base is half a nght angle. 


Let PQR be an isosceles triangle, having its vertical 
ons BR right; then each of the angles P and Q, at the base, 
is half a nght angle. 

For the three angles P, Q, R, of triangle PQR, are to- 
iam equal to two right angles, of which S 

is right ; therefore the sum of P and R 
Q is equal to a right angle; and since 
they are also equal (I. 5), therefore 
each of them must be half a right 
angle. v Q 


EXERCISE XI.—THEOREM. 


If a side of an isosceles triangle be produced beyond the 
vertex, the exterior angle is double of either of the angles 
at the base. 


Let PQR (fig. to Ex. 10) be an isosceles triangle, and 
let the side PR be produced beyond the vertex to 8, then 
5 exterior angle QRS is double of cither of the angles 


or Q. 

For (I. 32) the exterior angle QRS is equal to the two 

interior opposite angles P and Q together ; but these angles 

being equal (I. 5), their sum is double of either of them ; 
uently the exterior angle QRS is double of angle 


Por. 
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If the exterior angle, and one of the opposite interior 
angles, in one triangle, be respectively double those of 
another, the remaining opposite interior angle of the former 
is double that of the latter. 


Let ABC and DEF be two triangles, of which the ex- 
terior angle CBG of the former is double the exterior 
angle FEH of the latter, and the interior angle A of the 
former double the interior angle D of the latter, then shall 
angle C of the former be double of F in the latter. 


For angle CBG = angles A and C together, also angle 
FEH = ae D and : C 
together; but angle CBG 
== twice FEH by hypo- 
thesis; consequently angles / 
A and C together must = A BOG YD E 
twice angle D and twice angle F; but angle A is double 
of D by hypothesis; and biking away these equals from 
the preceding equal quantities, there remains angle C 
double of F. 
Or more concisely thus : 

angle CBG = A-+C, dg FEH = D+F; 
hut CBG = twice FE hypothesis ; 
hence A + C = twice D and twice F ; 
byt by hypothesis A =< twice D; and taking away these 
equals from the preceding, there remains ogle C = twice 
angle F. 


. 


EXERCISE XIl1-—PROBLEM. 


Through a given point to draw a line such that the seg- 
ment of it intercepted between two given parallels may be 
equa] to a given line. 


Let P be the ni) ile ea els, and L the 
given line, to draw through a line PAC, so that AC 


& KEY TO PLAXE GEOMETRY. 


Take any point B in one of the parallels, and from if as 
a centre, with L as 5 tadins, cut CD) =, 5, 
in D; draw BD, and through P draw 
PC parallel to BD, and PO w the re- _ 
Fer AB CD iven parallel, and 

or , are piven 6 
PC is parallel to BD; hence the figure © D 
AD is a parallelogram, and consequently the side AC is 
c= BD (1 34). 





EXERCISN X1V.—~PRODLEM. 


Through a given point to draw a line that shall be 
equally inclined to two given lines. 


Let AB, AC, be two given lines, and P a given point, it 
ia required to draw from P a line PC, making pails angles 
with AB and AC. 


Produce CA to F, and bisect the angle BAF by the 
soon Hy ~ haga : draw ae P 
to » arid it is B 
wired line. - 
or since AG and PC are 
parallel, therefore (I. 29) the 
‘exterior angle FAGis== ACP, FA Cc 
the interior and opposite; and GAB is = ABC, as they 
are alternate angles; but FAG = GAB by construction, 
consequently ACP = ABC. 
When the pomt lies between the given lines, or is situ- 
ated in one of them, it is evident that the same method of 
solation applies. 


EXERCISE XV.—THROREM. 
If two intersecting lines be respectively parallel, or 
ually inclined, to other two intersecting limes, the incti- 
nation of the former ie equal to that of the latter, 


Cass 1 When two of the intersecting lines are reapec- 
tively parallel to the other two lines. 
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Let AC, AB, be two intersecting lines respectively 
parallel to DF, DE; then angle A is 

= D. 

~ Kor produce AB, DF, if necessary, F 
to meet in G; then ‘the alternate A ; 


aaa aca begin 1 nea F; and the D a 


mea, oF D and AGD are also equal, since AB is 
pre to DE hos ae angles A and D being each 
a are €q 


Case eG the two intersecting lines AC, AG, be 
5 Pry a the inclined to the two PE, 


the same angle; then angle XK 
ge eis FP, EP, if necessary ~~ 


to meet the other two lines i in Cand A G L 

B; then, since the inclinations of FP, 

EP, to AB, AC, respectively, are Pp 
equal, therefore angle ACG = GBP; 

but the vertical angles AGC, PGB, F/ \z 


at G, are also equal; consequently 
the third angles of the triangles AGC, PGB, are begat 
that is, angle A = BPG (I. 32, Cor. 3) = FPE (I. 15) 


EXERCISE XVI« 
The sum of two sides of a triangle is greater than twice 
the line joining the vertex and the middle of the base. 


Let ABC be a triangle, and CO the line joining the 
vertex and middle of the base ; ‘then AC snd CB toe tt 


are than twice CO. 
or produce CO to D, till OD = OC, and join DB; 
then the sides AO, sy Piaf oa agra Cc 


Ob BOD eal’ the two triangles 
the ayia angles at 
0 are are hence (I. 4) the 


age thecies AC B 
= DB. B, But D and BC together are 4 
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EXERCISE XVIU.——-PROBLEM. 


Given the sum or difference of the hypotenuse and a 
side of a right-angled triangle, and also the remaining side, 
to construct it. . 

Let BO be a side of the right angle of a right-angled 
triangle, and AB the sum of the hypotenuse and the 
other side, to construct the triangle. 

Let AB, BC, be placed so that BC is perpendicular to 
AB; join AC, and bisect AC perpendicularly by DE; 
join EC, and EBC is the required triangle. 

For in the triangles ADE, CDE, the sides AD, DE, are 
reapectively equal to CD, c 
DK, and the angles con- 
tained by these sides are D. 
right; therefore (I. 4) ee 
the triangles are every- Pie 
wa ual, and hence A E P. 

2h = AE; therefore BE and EC together are equal to 
BA, the given sum, and BC is the given side; therefore 
CBE is the required triangle. 

Again, let be the given side, and AB the given 
difference, to construct the triangle. 

Let BC be placed perpendicularly to AB, and join AC ; 


hisect AC ndicularly by DE, and C 

join CE; eas EBC is’ the required 

triangle. D 
For, os in the preceding figure, the 

triangles ADE, CDE, are everyway «2 

eq and therefore CECA; con- © BoA 


sequently the difference between CE and EB is equal to 
that between EA and EB; that js, itis AB. Hence AB 
is the difference between the hypotenuse EC and the side 
EB, and BC is the given side; therefore EBC is the re- 
quired triangle. 

EXERCISE XVIIl.—PROBLEM. 


Through a given point, between two given lines, to 
draw a line so that the part of it intercepted between 
them may be bisected in that point. 
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"Let AD, AC, be the given lines, and P the given point. 

Through P draw PB parallel : 
to AD, make BC = AB; join 
CP, and produce CP to D, and 
it is the required line. 

For draw PE parallel to AC; 
then BE is a parallelogram (I. 
Def. 42), as its opposite sides are ~ - - 
parallel; hence PE = AB (I. 34), and AB = BC by con- 
struction ; therefore PE = HC; also angle EPD = BCP 
(I. 29) and CBP = BPE, being alternate angles, also BPE 
<= PED for a similar reason; therefore CBP = PED. 
Consequently the two triangles BCP, EPD, have two 
angles and a side in the one equal to two angles and a 
corresponding side in the other; they are therefore every- 
way equal, and hence CP = PD; and consequently CD is 


the required line. 





EXERCISE X1X.--—THEOREM. 


If from any point in the base of an isosceles eran 
perpendiculars be drawn to the sides, their sum will 
equal to the perpendicular from either extremity of the 
buse upon the opposite side. 


Let ABC be an isosceles triangle, P any point in its 
base, PD, PE, perpendiculars on its sides from P, and AF 
perpendicular to BC; then PD and PE together, are 
equal to AF. 


For uce EP, and draw A( perpendicular to it; 
then AG and FE are parallel, because 
the interior angles G and FEG are toge- 
ther equal to two right angles r 29) ; 
for a similar reason ieee E are 
parallel ; co uently A is a rect- 
angle, and GE = AF. Again, the al- 
ternate angles GAP and B are equal, 
and B= DAP (1. 5); hence GAP = 
DAP, and the angles at G and D of 
the triangles APG, APD, are right, and the side AP is 
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common ; hence the triangles are equal (1. 26), and thete- 
fore PD =: PG; and DP, PE, are er equal to GP, 
PE, together ; that is, DP + PE = GE = AF. 


EXERCISS XX.—THEOREM. 


If two lines bisect the angles at the base of a triangle, 
the line joining their point of intersection and the vertex 
bisects the vertical angle. 


Let the angles CAB, CBA, of the triangle ABC, be 
bisected by the lines AO, BO; then OC will bisect the ver- 
tical angle ACB. 


For drdw OD, OF, OF, perpendicular to the three 
sides; then in the triangles ‘AOD, AOE, the angles at A 
are ei by construction; the angles at D and EF are right, 
and the side AO is common to both; consequently the 
triangles are equal (I. 26), and OD = OE. In the same 
manner it is proved that OF — OE; hence OD = OF. 
Again, in the two triangles COD, COF, ; 
the two — eae wot are re- 
x gels to CO, OF, in the other; 
si ag D and F are right, and 
hence the an ai © sia of the sate 
species (Def. 14 and 32, Cor. 4); conse- 
quently (I. C.) the triangles are every- A E B 
way equal, and therefore angle DCO = FCO; that is, 
the vertical angle C is bisected. 





EXERCIS2 XX}.—THEOREM, 


The sum of the dicalars drawn from any point 
within an equi triangle on the three sides, is equal 
to the perpendicular from any of the angular points upon 
the opposite side. 

Let ABC be an equilateral triangle; the diculars 
OD, OE, OF, upon the sides from any point O within it, 
pail asa aa <a Spr 
Through O draw IK parallel to and draw IL per- 
pendicalas to BC. Then OF and PG being perpendicular 
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to AB, are parallel; aleo IK is lel 
to AB; hence OG is a ; 
and therefore OF = PG. : im, m the 
les CIL, CIP, angle ICL, = CIP, 
for CIP = A I. 99); also the right 
e ILC = CPI, for ‘CPI = PGF (1. 
; also the side IC is common to the 4 ¥¢ 4B 
two ‘triangles ; nit are therefore (I. 26) everyway a 
‘and conse aently IL = CP. But since IK is parall 
AB, angle IKC = B, and B = A (I. 5, Cor.), Sar was 
already shown that CIP = A; hence ‘CKI = CIP, and 
CIK is an isosceles triangle, and aleo equilateral ; whence 
(Ex. 19) OD + OE = IL = CP; and adding OF = 
ae both these equals, OD + OE + OF = CP 4. PG 
= CG 





EXERCISE XXU.—THEROREM. 


Half the base of a triangle is greater than, equal to, or 
less than, the line joining the middle of the hase and the 
vertex, according as the vertical angle is obtuse, right, or 


acute. 


1. Let ACB be a right-angled triangle, having ACB for 
its nght angle; then, if M is the middle of the base, MC 
== AM or BM. 


For if not, let MC be hires r than AM; then angle 
CAM is greater than ACM (I. 18), for the same reason 
MBC is than MCB; consequently the two angles 
CAM and CBM, are together greater than the right angle 
ACB, and therefore the three angles A, B, C, of the 
le ABC, are together two right snales 
which is impossible san 32). Therefore MC cannot be 
greater than AM 
A | MC be eupponed lee than AMC or ME, i 
be similarly pres that the three angles of the 
triangle ABC are than two mght angles, which is 
ible; therefore MC is not less than AM or MB; 
aod i wa proved above that it is not greater ; hence CM 
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2. Let AEB, the vertical angle of the triangle ABE, be 
acute, and M the middle of the base; R 
then ME is greater than AM. 

For at some point C, in the line ME, 
below E, the angle AEB, formed by 
lines drawn to A or B, will be a right 
angle (I. 21), and by the first case AM 
== MC; hence AM is less than ME. + m 8 

3. Let ADB, the vertical angle of the triangle ABD, be 
obtuse, and MD the line joining the vertex and middle of 
the base; then AM is greater than MD. 

For at some point C, in MD produced, the nee ACB, 
formed by lines drawn to A and B from C, will ey se 
angle (I. 21 and 32); and by the first case, AM = MC; 
consequently AM is greater than DM. 


The second and third cases could be proved indirectly 
like the first. Thus, if in the second, AM be supposed = 
ME, it would follow that angle AEB would be equal to 
the two angles EAB, EBA, and therefore that it would be 
a right angle, being half the sum of the three angles (I. 32), 
which is contrary to the hypothesis of its being acute. 
And if AM were’ supposed to be greater than ME, it 
would follow that angle AEB would exceed the two angles 
EAB and EBA, and therefore (I. 32) that it would be ob- 
tuse, which is also contrary to hypothesis. Hence if AM 
ia neither == ME, nor greater than ME, it must be less. 

In exactly the same manner it can be proved, when 
angle ADB is obtuse, that AM is neither <= MD, nor less 
than MD; and consequently it must be greater than MD. 


EXERCISE XXI11.—THEOREM. 
If two lines bisect dicularly two sides of a triangle, 


the dicular from their point of intersection upon the 
base will bisect it. 

Let ABC be a triangle, two of whose sides AC, BC, are 

i ; by the lines DO, FO, meeting in 


OQ; then OK, being perpendicularl B will 
: i wa to A 
bisect it in EK. : 
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In the two triangles AOD, COD, the sides ao DO, 
are equal, and OD is commen to the 
two triangles ADO, CDO; also the 
contained angles ADO, CDO, are right ; D F 
consequently (I. 4) the triangles are 
equal in every respect, and hence AO 
=: OC. Comparing the two triangles 4 E 
BOP, COF, it can in the same way be proved that the 
side BO = OC. But it was proved above that AO = OC ; 
consequently AO = OB. in, in the triangles AEO, 
BEO, the side AO = OB; therefore angle OA f — OBE. 
and the angles at E, are right ; wherefore fe 26) the tri- 
angles are Sreryney equal, and therefore AE = EB, 


If the point O of intersection of OD, OF, should fall 
below the AB, the proof would be exactly similar. 


EXERCISE XXIV.—-THEOREM. 


The angle contained by a line drawn from the vertex of 
a triangle dicular to the and another bisecting 
the vertical angle, is equal to half the difference of the 
angles at the base. 


Let the line CD bisect the vertical angle C of the tri- 
vB ABC, and let CE be dicular to its base, then 
e DCE is = half the difference of angles B and A; or 
if t : side AC be greater than BC, and eed angle 
_B than A, then twice DCE = B—A 
the triang le ACE, well, ple is 
t t 


E right, it follovrs (I. 32, Cor 

oblique angles A and ACE sche are 7\\ 
equal to one right angle ; fore & similar 

reason angles B and ‘KB, i in triangle 


ae are together equal to a right 
uently A+ ACE = B+ BCE. 

a ese sequal quantities, add the angle DCE, 

then A+ ACE + DCE = B-+ BCE + DCE. 

Bat ACE = ACD + DCE and BCE + DCE = BCD, 

hence <A -+ ACD + twice DCE = B+ BCD. 

From these equals take away the equal angles ACD and 
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BCD, and there remains 

A -+ twice DCE = B; 
that is, B exoceds A by twice DCE; or, in other words, 
DCE is equal to half the difference between A and B. 


EXERCISE XXV.-~PROBLEM. 


To find a point in a given line such, that lines drawn 
from it to two given points will make equal angles with 
the given line. 

Let PQ be the given points, and AB the given line, 
to find a point as rs in AB, so, that angles PCA, QCB, 
Draw OD perpendicular to AB and prodoce it, makin 

w icular to AB an uce it, i 
BD = BQ; join PD, and PD will ? 
cut AB in the required point C. 

Join CQ; then in the triangles 
BCQ, BCD, the side BD = BQ, and 
BC is common to the two triangles, 
and the contained angles CBQ, CBD, * 
are right; hence (I. 4) the triangles 
are ther fay equal, and therefore angle 
BCQ = BCD. But BCD = PC (I. 15); wherefore 
BCQ = PCA, and C is the required point. 

If AB were the face of a € mirror, and it were re- 
quired to find the direction in which a ray of light must 
pass through the point Q, in order that, reflection, it 
might pass through P, QC would be that direction; that 
is, O would be the point of incidence. Were QCP ina 
horizontal plane, and it were required to find the point at 
which a perfectly elastic ball ing from Q must im- 
pinge on a straight obstacle AB, to be reflected to a point 

, the same construction is to be used; that is, C is the 
point. Were the ray or the ball to be reflected at two 
planes before reaching P, the determination of the two 
points of incidence is effected in a nearly similar way. 





RBXERCICR XTVI.~—PROBLEM. 


Given the sum of the sides of a trisngle, and the angles 
at the base, to construct it. 
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Let AB be the sum of the sides, and anglea M aud N 
the given angles. 

At A and B make eee 2 oe Pepe ere te 
the halves of the given angles 


M, N, and at C, an So 
AO, BO, meet, draw CD, mak-~ 
ing angle ECB: Bs then B 


ECB = nlliog 
CDE f the wequied - L = 


For angle A = we ACD 

CDE = A and ACD ee therefore CDE == twice i 

but A was made equal to half of one of pate ty angles ; 

hence CDE = one of the given angles, namely, M ; for 
exactly a eA ge erg = twice B = an of the 
given angles, namely, N; therefore the angles ODE and 
CED are respectively ual to the given angles M and N. 
Again, the side CD = AD, because the opposite angles are 
equal ; for a similar reason CE = EB; consequently CD, 
DE, and EC, are equal to the whole line AB, which is the 
given perimeter of the triangle. 


ate 


BXERCISE XXVIJ.—THEOARM. 


If two lines be drawn from the extremities of the base of 
a triangle to bisect the opposite sides, the line joining their 
reeangaaa with the vertex, if produced, will bisect the 


Tet the lines AE, BD, bisect the sides BC, AC, of the 


Since BC is bisected in E, the triangles ABE, AEC, are 
equal (I. ha as they have the same 





‘aD, cunpe AC CoD ( ei was Ge Ree 
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common vertex O, and hence gcklar AOC is double of 
AOD; and for a similar reason triangle COB is double of 
BOE; but AOD = BOE, as was roved ; hence 
their doubles are equal ; that is, triangle AOC = = COB; and 
since these two triangles are on the same base OC, and are 
must have the same altitude (1. 37, and A, Scho- 
lium 1); that is (Def. 47), th pees from "A and’ 
B on CO, or CO or nor must be equal, and consequently 
the triangles AOF, BOF, have the same altitude, consider- 
ing OF as their base ; sand being also on the same base OF, 
they are therefore I. 37, End A, Scholiam 1). Con- 
sidecin now AF, Fhe the bases of the triangles AOF, 
ey have the shea altitude ; as they have QO for their 
common vertex, and as the rie been proved equal, they 
must therefore (I. A) s ual bases ; consequently 
AF — FB; that ia, the line COF $i s the base. 


RXERCISE XXVI1I.—THROREM. 


If two polygons be constructed on the same side of the 
same e sum of the sides of the interior polyg gon, if 
it be concave internally, is lees than the sum of the sides of 
the exterior figure. 





Let ACDB, AEFB, be two polygons, of which the 
former is internally. concave; then its perimeter is less 
~~ that of the latter. 
Then (1 roduce AC to G, and CD to zene ee 
20) AE+ EG is than 5 r 
4g; nd adding GF-++FB to both, AE+ * 
Fri is greater than AG-+GF-+FB. 
CG+GF is greater than CF ; and 
g AC with FB to both, AG+GF+ / 
FB i gree than AC+CF HF. Als, Also, 
K is than CK ; and addi Ae with KB 
bo AC ¢ '4-FB ia greater than AC CK+KB. 
rat rag ag sppated age aera AC + OD te 
beth, ACC + CD + DB. 
Stents if ka leas pases AB + EF + PD is grat 
than AG + GF 4. FB, and this has been 
greater than AC + CF + FB, which again was nee ic 
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be greater than AC + CK + KB, and this was proved to 
be greater than AC + CD + DB; consequently the first 
quantity, AE + EF + FB, must be atill greater than the 
last, A '+CD + DB. 

wee more viper an observing that the sign =~ 


AE EC eed ke. hich neem Senate by (1) : 


CG + GF => CF, xis : 
CF + FK = CK, ae ae ag ; : 
and DK+ KB = DB, is (4). 


To both sides of (1) add GF + FB; to those of 2) add 
AC + FB; to those of (3) add AC + KB; and to those of 
(4) edd AC +CD: then 
By i} AE + EF + FB => AG + GF + FB, 

2). AG+GF + FB = AC + CF + FB, 

~ GS AC + CF + FB = AC + CK + KB, 

(4) AC+CK+KB=> AC+CD-+ DB; 
consequently AE + EF + FB is sill > AC -+CD + DB, 


SECOND BOOK. 


EXERCISE I.-—THEOREM. 
The angles of a quadrilateral are equal to four right 


Let ABCD be a quadrilateral, its angles at A, B, C, and 
D, are equal to four right angles. 
For draw the diegenal DB, then the angles A, ABD, 
and ADB, of the triangle DAB, are equal » 
to two right ‘angles; and the angles C, \\ 
CDB, and DBC, of the le DCB, are 
also equal to two right an bat the 
¢ ABC is com of o angles 
D, DBC, and angie ADC 4 is com- 
posed ‘of the two, ADB, CDB; consequently the ae 
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A, C, ABC, and ADC, of rea arc ingrsir a are. equal to 
ae les of the two triangles ; that is, to four right angles 
(I. | 


EXERCISE I1.—-THEOBENM. 


Every quadrilateral that bas its opposite sides, or opposite 
angles, equal, is a parallelogram. 

Let AD be a quadrilateral, having its opposite sides AB, 
CD, equal, and also AC and BD; or having its oppesi 
angles A and D equal, and also the angles ABD and ACD ; 
then it is a scacallel gat. 

1. When the opposite sides are equal. 

Draw the dia BO, then in the two triangles ABC, 
BCD, the side AB = CD, AC = BD, and . : 


BO is common; consequently they are LO 
alg? ba equal (I. 8); hence angle ABC Pa 
= BCD, and ACB = CBD; therefore ¢ D 


AB is parallel to CD, and AC to BD (I. 29), and the 
figure ie a parallelogram (I. Def. 42). 


2. When the opposite angles are equal. 

By the last exercise, it was proved that the four sagles 
of a quadrilateral are equal to four right angles ; therefore 
angles A and ABD, which are respectively equal to the 

“4 
nee opposite to them, must be equal to two nght np 
and consequently (1.29) AC and BD are ; fora 
similar reason, angles A and ACD are equal to two right 
and therefore AB is parallel to CD: therefore 


ACDB is a parallelogram (I. Def. 42). 


RXERCIAR M11. 

To find a line whose square shall be equal to the differ- 
ence between two given squares. 

Let A, B, be the two lines whose squares are the given 
squares ; that is, described on them as bases, are the 
oo ===" 5 tg find a line whoee square shall be equal to 
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Take any line CD, draw DE perpendicular to CD, and 
E 


eut off from it DG = B; and 
from G as a centre, with a radius | G 
=+ A, cut CD in F; draw GF, 
and DF is the required line. 

For (I. 47) = DF + 
DG; or (I. 47, Cor.) FD* = 
FG! — DG*, that is, DF? = A® 
— B; or the of the line —-—"F D 
DF i# equal to the difference be- 
tween the squares of the lines 4 
A and B. B 





eae aatetnidbiendieeenen amen nenneen tenn teneneatenaniatnna tina’ 


EXERCISE [V.-—PROBLEM. 


To find a line whose square shall be equal to the sum of 
the squares of any number of lines. 


Let A and B be two given lines; to find a third whose 
square shall be equal to the squares of these two lines. 


Draw any line CD, and cut off from it a part DF = A; 
make DE perpendicular to OD, 3 
and cut off DG = B; join FG, a 
and FG is a line whose square is 
equal to those of A and B to- 


: For (I. 47) FG? = DF* + DG! 
== A? + BY, 


If three lines are given, as A, ¢—$ D 
B, and H ; then find, by the | 


those of FG and the third line H; then it is evident that 
gr me aac as 


When four lines are given, a fifth line, whose square 
tl ayaa age cove aquares of the four given 
found by a similar process. 


22 KEY TO PLANE GEOMETRY. 


“ EXERCISE V.—PROBLEM. 
To bisect a parallelogram by a line drawn from a pomt 
in one of its sides. 
Let ABCD be the parallelogram, and P the point in the 
side CD, it is required to draw 4 line, as PQ, to bisect the 


Make BQ = DP, and draw PQ, and it will bisect the 


For join DB; then, in the two triangles DEP, BEQ, 
the vertical angles at E are equal, the 0» Pc 
alternate angles PDE, QBE, are equal 
(I. 29), and the sides DP, BQ, are equal E 
by construction ; hence the triangles are 
ereryney equal, and therefore their areas AQ B 
are equal. But (I. $4) the two triangles ABD, CBD, are 
oN and consequently, if DPE be added to ADB, and 
EBQ be taken from it, the resulting figure, ADPEQ, will 
be equal to triangle ABD ; that is, equal to half the paral- 
le ; and the figure BCPQ must be equal to the other 
half; and the line PQ therefore bisects the parallelogram. 


RXERCIOE V1I-—THBEOREM. 


If from any point lines be drawn to the angular points 
of a rectangle, the sums of the squares of those drawn to 
opposite angles are equal. 

Let AC be a rectangle, and O a point in it; draw OA, 
OB, OC, and OD, then OA? + OC? = OD* + OB*. 

For through O draw EG and FH p xc 
Hi tore el to AB and BOC, then 

» FG, »and EH, are rectangles, as © sf 
their opposite sides are el, and angles 
A, B,C, and D, in are right an A. F 8S 
(1. 46, Cor.) Hence (1. 47) AO* = AF* + FO! = AF? 
-+- BG’, OC? = 0G + = FB* + GC; therefore, AO* 
+O0C = AF* + FB + BG? + GC. Again, OD* = DH! 
+ OH? = AF* + CGS, and OB? = OF + FB* — BG? + 
BF’; and therefore, OD? + OB* = AF* + FB* + BG? + 
CG*. Hence the sum AO* + OC* and the sum OD? + OB*, 
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being each equal to the squares of AF, FB, BG, and GC, 
must be equal to one another. ‘ 

If the point were taken without the rectangle, the proof 
would be exactly similar. 


EXRRCIAB VII.—PROBLE™M. 


To bisect a given triangle by a line drawn from a point 
in one of its si 


Let ABC be the given triangle, and P the given point 
in the side AC. 
Bisect the base AB in a i PD, and draw CE 


Pe to PD; join PE, and 
A) the bisecting line re- 


a since CE is el to 
PD, the triangles PCD, PED, 
are equal (I. 37); to each add : 
ADP, then the sums are equal; « 7 : 
that is, the triangle ACD 1s = n me 
APE; but ACD is half of trian « ACB (1 38), because 
AD = DB; hence APE is also half of i given triangle, 
or PE bisects it. 

EXERCISE VII] —THEOREM. 
The act ing ati of the sides of the right angle of 
i a Sada er to the rectangle contained 
A sum and diff the hypotenuse and the other 

Te the triangle ABC, right-angled at B, the equare of 
AB is equal to the rectangle contained b the a of AC 
and CB, and the difference of AC and CB; or AB’ = 
(AC + CB) (AC —CB,) 

For (I. 47, Cor.) AB¥ = AC* — CB*, and (IE. 5, Cor.) 
the difference between the squares of : 
AC and CB is equal to the rectangle 
contained by the sum and difference a 
of AC and CB; that is, AC’ CB? 
== (AC+CB) (AC— CB); and con- 

AB = (AC + CB) (AC —CB). 
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“-EXERCIBR 1X.—THEOREM. 


make the six es thus formed the distance 
point from one of the lines is eq to the sum of its dip 
tances from the other two. 


Let the lines AB, CD, EF, make re mx saa about 
O contained by thea nee then if P 


any point, and PK, Hi, perpend 
clits from it on the Fah then K i@ 
equal to PG = PH together. 


For bi angles AOC, COE, EOB, be- 
ing eg ca of them is the third of 4 B 

a fi a and if CPE be drawn 

aa angles OCE, OEC, are D 

rsrpeaivaly equal to COA a EOB (1. 29) ; hence OCE 
is an equiangular triangle, and therefore equilateral (I. fi, 
a) ence if OI be i! Siro to AB, IK is a rect- 
angle, and PK = IQ. But, as was shown in Ex. 21 
iret Book, IO is equal to the ndicular from E on 
00; and OCE being isosceles, and P a point in its base, 
PG + PH = the latter perpendicular, by Ex. 19 of First 


Book ; hence 
PG + PH = PK. 


If three st ence intersceimg =) the eee pe ot 


RXERCIOR X THEOREM. 


The square of the dicular upon the 2 seer 
ari led triang! wn from the opposite 
equal to De caus Ge a on pas 
tenuse. 


Let ABC be a triangle tongled at A ; then if AD 
be perpendicular to BC, a 

For BA*= BD* + AD* I. 47), rt 
and que DO +A 


hence, 
grea eee w ep ape 


But BA? + AC = BC* (IL. 47) = BD! Dc 
+ DC#+2BD-DC (IL 4); wherefore (Ax. 1) BD* + 
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DOC + 2AD* — BC* + DC" + 2BD-DC; and taking away 
from those equals the common part BD* + DC%, there 


24D! = 2BD-DC, or AD* = BD-DC, 


EXERCISE XI1.——PROBLEM. 


Given a point and three lines, two of which are a 
to find a point in each of the parallels that shall be equi- 
distant from the given point, and such, that the line join- 
ing them shall be parallel to the other given line. 


Let AB, eee celeron of which the first 
two are el, an ¢ the given t, it is re- 
mired te find t the points B and = 
& such, that BC may be parallel E 
to AE, and that PB may = PC. 

From P draw PE dicu- 
lar to AE, and bisect DF in O, 
and draw COB parallel to AE, 
then B and C are the required 
points. 

For join PB and PC; then in the two triangles BOF, 
COD, the sides OD, OF, are equal by construction, the 
aBe at O are equal ( L 15), and the vertical angles BFO, 

are also equal ny 29) ; hence the triangles are ever 
and therefore CO= OB, Again, angle COD 
= (I. 29), and the angles at E are right by construc- 
tion; hence COD, and therefore also BOD (I. 13), are 
right Forse and therefore equal ; also the side CO= OB, 
P is common to the two triangles POB, POC; and 
ear (1. 4) the triamgles are everyway equal ; : 
PB = PC. The ‘Agrersinale ain are therefore ert ant from 
P, and the line BC joining them is parallel to AE. 





KXWRCISE X1I.—THEOREM. 


The line joining the middle poi ts of two sides of a tri- 
angle is parallel to the base, and equal to the half of it. 
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- Let ABC bea triangle, the line DE, that joins the middle 
points D, E, of two of its sides, is parallel i 
to the third side AB, and equal. 40 its 


Produce DE to F, meking EF==DE, > 
and join BF ; then, in. the triangles BEF, 
CDE, the sides DE, EC, are respectively 
pamaierebeci ne and the vertical - se 
at E are equal ; hence (1. 4) the triangles sue equal in 
respect, and therefore BF = CD = AD; also angle EBF 


DE is the half of DF; it is therefore equal to the half of 
AB, and is also parallel to AB. . 


RXRRCIE XII!l.—THROREM. 


The quadrilateral formed by joining the successive middle 
points of the sides of a given qu teral, is a parallelo- 
gram. 

Let ABCD be any quadrilateral, and EH, HG, GF, FE, 
lines joining the successive middie points of its sides, then 
the figure FGHE is a parallelogram. . 

‘ For let AC, DB, be the my ae of the given figure. 
Then, by the last exercise, the line EH | ; 

to AO, the base of the ti ' 
ACD ; for the same reason FG is 
to AC; consequently FG and EH are & 
rallel ({. 30); and for a similar reason 
and GH are parallel. Hence (I. Def. 42) 
EFGH is « parallelogram. 







EXKRCIQE XIV.—PROBLEM. 
To divide a line into two ata, euch that the reet- 
contained by one of them another given line,’ 
ul ‘be equal to the square of the other segment. 
Let AB, CD, be two lines, it is required to cut AB into 
two segments in F, eo that AF -CD = BF’. 


BRCOND BOOK. 27 


Find (12:14) &line 8 (not — dm the figure), 
sach that 5'= AB-CD 
i cnc it alder ae knows. a Y 5 


EL, such that EL’ =‘CE* + 8, by 
of Second Book ; then make BF = DL, and F is the re- 
quired point of seetion. 

For & = EL4—~CE*, and (II. 5, Cor.) EL?-—CE* = 
(BL + CE) (EL— CE) = = CL: DL; for DL = EL— ED 
=: EL— Wherefore, since 5 = AB-CD, AB-CD 
= CL: DL, jeri mas} AF-CD +BF-CD = OD-DL 
Ba at but BF = DL, and hence Pacers DL; 

taking away these 2 hel quantitier m t aaa 
equals, there remains AF’: CD = BI*. 


EXERCISZ XV.—~PROBLEXM. 


To produce a given eo that the rectangle contained 
by she format “tf oie given line shall be equal to the 
square of the produced part. 

Let AB, CD, be the given lines, it is required to produce 
AB to some point F, such that AF -CD may equal BF*. 

As ho job precedin KL radpg ris PP ta S, such that 

= bisect en 
HL, such such that EL? — = OE? + 8, and pro- 4 Y 
soaser plate till BF = CL, and F is the oR OTL 
— ‘of external section 

==: EL*— CE* = (EL +CE) (EL -— CE) ; 

AB-CD = CL: DL; for EL—CE = DL; 
recy soya te eqs BF CD, snd 


| (AB + BE) oD. CD = =U DL+CD); 
: for BF = CL. 


CL: 
Or, 


EXERCISE XVI—THROKEM. 
if any an pe described on the base of a tri- 
) other two parallelograms on its two such 
that their sides te to those of the tri 
throagh the angular points of the former, the parallelo- 
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gram shall be equal to the sum or difference of the other 
Errey Soper me Shy abate. weenie cee See orcas 
of them upon it. . 

Let ABC be 4 triangle, and ADEB any parallelogram 
described on the base, alco AFGC, BCIH, ep a 
on the sides, whose sides FG, IH, pass through D, - 
we. of the former, then ABED is = ACGF + 


h C draw CL lel to AD, and produce it to 
meet FG, HI, aed anon two K 

lines will meet LO in the same point 
K. For ADKC and BCKE are pa- 
rallelograms, since their orp sides 
are parallel ¢ and hence CK 

former is = AD (I. 34) = BE = CK 
in the parallel EK. Since, At” B 
therefore, the side CK is equal in both, the lines FG, HT, 
meet LC in tae K. Now (I. 35) the parallelogram 
ACGF is = ACKD, as they are on the same AC, and 
between the same lels AC, FK ; for a similar reason, 
AOKD is= ALMD, as they are on-one hase AD, and 
between the parallels AD, LK ; wherefore AOGF is = 
ALMD. In the same manner it is proved that BCIH is 
== BLME; and therefore AFGC and BCIH together, are 
equal to ALMD and BLME together ; that is, to the whole 
parallelogram ABED. 

When a side, as AD, of the parallelogram described on 
the base lies between the corresponding side AC of the 
triangle and the bese AB, the parallelogram on the side 
AC will then fall on the triangle, and that on the side BO 
will be equal to the other two. The proof in this case is 
exactly similar to that in the preceding case. 





RXERCIQE XVII-—THBOREM. 


The sum of the squares of the sided of 5 quadrilateral is 
equal to the sum of the squares of its diagonals, and four 
times the square of the line joming their middle points. 


Let ABCD be any quadrilateral, AC, BD, its diagonals, 
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and EF the line joining their middle points, then AD* + 
DCt + CB + BA? = AC* + DB? + 4 EF*. 

For draw DE and EB. Then, because the base AC of 
the triangle ACD is bisected in E, there- D 
fore (II. A.) 

AD? + DC’ = 2 AE* + 2 DE’; 
and AB* + BC? — 2 AE’ + 2 BE?, 
for a similar reason, since AC is also / : 
the base of the triangle ABC. Hence, a B 


a equals to equ 
A 4+ DC? + AB! 4 BC? = 4 AE? 42 DE? 462 EB" 
But (II. A.) since BD, the base of triangle DEB, is bisected 





in F, 2 DE* + 2 EB’ = 4 DF? + 4 ; quently the 
sum of the squares of the sides is equal to 4AE* + 4 DF! 
+4EF*. But (fH. 8, Cor. 2) 4 = ACM, 4DF? = 
DB; and hence 


AD? + DC? + AB? + BC? = AC* + DB? + 4 EF’, 


EXERCISE XVIII.—THEOREM. 


The sum of the squares of two opposite sides of a quadri- 
lateral, together with four times the square of the line join- 
ng their middle points, is equal to the sum of the squares 

the other two sides and of the diagonals. 


Let ABDC be any quadrilateral, EF the line joining the 
middie points of the sides AB, CD, and AD, BC, its dia- 
= AB* + CD? + 4 EF* = AC* + DB? + AD + 


For join CF and FD; then, because the base AB of 
the triangles ABC, ABD is bisected in c 
F (II. A.), * ot 

AC? + CB’ = 2 AF? + 2 CF, 

and ee 
consequently, add: to equals, 
AC’ +B AD: BO = 4 AFT 
9 CF* + 2 FD*. = = % 
Bat (Il. A.) 2CF* 4+ 2 FD* — 4 CE? +4 EF*; wherefore 
the sum of the equares of AC, BD, AD, and BC, is = 
4 AF* + 4CE* + 4 EF’. 
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Again (II. 8, Cor. 2), 4 AF? = AB’, and 4 CE* = CD*; 
henoe A +B 4 ADI} BO AB + CD! +4 EP 


EXERCISE XIX--—~THROREM. 


* ‘The squares of the sum and of the difference of two lines 
are er double the squares of these lines. 


Let AB, BC, be two lines; produce AB to D, making 
BD = BC; then AD is the sum, and —————________. 
AC the difference of AB and BC, and “ . 2s 
AD* + AC* is = 2 AB* 4+ 2 BC’. ; 

For (11. 4) AD* = AB + BD! +2 AB-BD = AB + 
BC'+2 AB°BC; for BD = BC. 

Go 

n i eC es 

AD! + ACh 4-3 AB- ee 
‘aking away the quantity 3 AB: rom these 

cp eet Tp: act = 2 ABY 4 9 BC" re 


BXERCISE XX.-~—THEOREM., 


If a line be cut in medial section, the line composed of 
it and ite greater segment is similarly divided. 

Let the line AC be cut in medial section at the point B ; 
then, if CA be produced to D, till AD = AB, the line CD 
is aleo cut in medial, section in A. 

For AB* = ACO:CB by hypothesis; ___-_. 
and adding to these equals the rect-”" 4 ® & 
angle AC- AB, or AO: AD, 

AC: AB + AB" = AC-CB + AC: AB. 
Or, AC: AD + AD? = AC a cade 
Or (II. 3), CD-DA = AC (LI. 1). 


EXERCIGR XX1-—-THEOREM. 


The sum of the squares of the diegonals of a uadrils- 
dial: wisetea! to teted Chaiuaia of the dquaresiol che Nass 
joining the middle points of the opposite sides. 

Let ABCD be any quadrilateral, and EG, FH, lines 
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joang el points of the opposite sides, and AC, DB, 


its diagonals ; then 
"AC? 4+ DB = 2 EG + 3 FH. 


For draw EH, HG, GF, and EF; then, by the 13th 


Ex., EHGF is a parall and, by b 

the 19th Ex., DB is double of GH, and rE 
AC double of EH; consequently (IL. Ps 

Cor. ) G 


AC? + DB = 4 EH* + 4 HG’. 
So 34) seen 
4 HG* = 2 HG! +2 EF". es 
ve (iI. B:) EH* + HG’ + GF* + EF = EG! + FH!; 
and the double of the brah nares of the sides EH, HG, GF, 
oe 2 EG* + 2 FH®, and also to 4 EH? + 4 HG; 
hence AC* + DB* = 2 EG? + 2 FH! 


EXERCISE XX11-—THEOREM. 


If any one of the angles of a triangle be divided into e 
number of equal parts, the dividing lines will divide the 
opposite side unequally ; the segments nearer to the per- 
pendicular on this side from that angie, being less than the 
‘more remote. 


Let ABC be a triangle, and CD a perpendicular from 
angle C on the side AB; let angle ACB be divided into a 
number of equal parta, of which angles ECF, FCG, are two ; 
then, if EF be nearer to the perpendicular than FG, it will 
be less than FG. 


Since the triangle CDF is rig ght angled at D, CFD is 
cay (1. 17); and pransomd (I. 13) CFG is eras 


Draw Fi, mm * angle CFI = 
; there are ees angles of 
triangle EFC equal respectively 
to two angles in the 
OFH, and the side CF is com- 4A & F 
moon to both; therefore (I. 26) the triangles OEP, 
ss equal, and hence FH == FE, and nF 
consequently (I. 13, Cor.) angle FHG = CED. But 
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angle CED is ge than CGF (I. 16); hence also FHG 
is greater than FGH ; and therefore (I. 19) the side FG of 
the triangle FGH is greater than FH ; but FH was proved 
to be = FE; therefore FG is greater than FE. 


It can easily be proved indirectly, as a corollary from this 
gh ty ihe oi EE ae FG are ee i 
an , subtended b w greater than 
eas by FG. : 
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BXERCISE 1.—THEOREM. 


If aline drawn from the centre of a circle bisect or be 
sah cgrrares to a chord, it will bisect and be perpendicu- 
to all chords that are parallel to the former. 


Let the line CG, drawn from the centre C of the circle 
ADEB, bisect the chord AB, or be ndicular to it, 
and it will also bisect and be perpendicular to any other 
chord, as DE, that is parallel to the former. 

For if CF bisect AB, it cuts it aleo at right angles 
(IIT. 3); hence AFC is a right angle, and 
(1. 29) AFC = the interior angle CGD ; 


consequently CG is also dicular to 
DE, and it therefore bisects DE 
(IIT. 3). fc 
Again, if CF be dicular to AB, > x 
it can be proved as before, that it is also ms 


perpendicular to DE, and consequently it also bisects DE. 


RXERCIBN 11, THEOREM. 
Tf two circles cut each other, the ling joining the points 
of intersection is bisected perpendicularly by the line join- 
Let the circles LMN, LMR, intersect in L and M, and 
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let P and Q be their centres, then PQ bisects LM perpen- 
dicularly in O. | 
and therefore angle 
every respect 
POM, are also equal, and consequently (I. Def. 10) they 


For draw the radii PL, PM, QL, and QM; then in the 

8 

MPQ. Again, in the two tri- 
are right angles ; wherefore LM is bisected perpendicularly 


two triangles PLQ, PMQ, . 
ES 
es PLO, PMO, the two sides a. 
by 





side PL = PM, LQ = MQ, and 
. PO, are respectively equal to MIP, PO, and angle 


PQ is common ; wherefore (1. 8 

the triangles are etal 

LPO = MPO; uently the triangles are equal in 
; therefore LO = OM, and angles POL, 


EXERCI6EZ III. 


If two circles cut one another, and from one of the 
points of intersection a diameter be drawn through each of 
the circles, the other point of intersection and the other 
me extremities of the diameters will be in one straight 

e. 

Let the circles LMN, LMR (fig. to precedin wr 
be two circles intersecting in L and M; and let LN, L 
— diameters ; then K., M, and R, are in one straight 

For jon NM and MR; then the angles LMN and 
LMR are angles in semicircles; consequently they are 
right angles, and their sum =< two right angles; therefore 
the lines NM, MR, are in one line (I. 14). ° 


EXERCISE 1V.—THEOREM. 

A line that bisects two parallel chords in a circle, is also 
perpendicular to thes. 

Let the line FG bisect the parallel chords AB, DE; it is 


to them. 
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For if CF ie a line joining the centre 
of the circle, and F the middle of AB, it 
is perpendicular to AB, and (by the first 
Ex.) if CF be uced, it will bisect 4X 
DE perpendi in G; hence this line > 
ee ieee wi ie poner ge =, A = 
the middle points F, G; and consequen ig perpen- 
dinate: tho two thecds ita 





EXERCISE V.——THBOREM. 


Two concentric circles intercept between them two 
equal portions of a line cutting them both. 


Let PQN, RTS, be two concentric circles, and MN a 
line cutting them both; then the 
intercepted portions MR, NS, are =F Q 
equal. | M es 
For, from the common centre O, 
draw OV icular to MN ; then 
MN and RS are bisected in V ; hence 
MV = VN, and RV = VS; and 
therefore MV — RV = VN — VS; 
that is, MR == NS. 


RXEACISE VI-—THEOREM. 


Of these five conditions—of passing through the centre 
of a circle, bisecting a chord, being perpendicular to a 
chord, bisecting the subtended angle at the centre, bisuct- 
ing the subtended arc of the chord — if a line fulfil any 
two, it will also fulfil the other three. 

a Cepg abel hea hana a line bisect- 
i or -—s it at night or 
- ICE bnect AB, it as 
a. it cuts AB perpen- 
dicular! Cas 3). ‘ St i ee 


-'s F cat AB perpendicularly a“ 
bisects AB (III. 8). | 


DB 
oO ee eee y, it 7 
passes through the centre (ILI. 3, Cor.) 
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4. If CF bisect AB, or cut AB at right angles, it will 
et eee 

or A fee everyway 
Reali tory daptene ary aerts M = BOM; 
and therefore (III. 26) the aro AM = a 

5. If CM bisect angle ACB, or the are ACB, it will also 
bisect AB, and cut it at right angles. 

For if angles ACF, BCR are equal, then since AC = 
CB and CF, common ae the triangles ACF, BCF, hence 
(1. 4) the triangles equal, and therefore 
AF = OE acd eo cogie AFU = C = BEG, and hence they are 


barre angle ACB is bisected, the arc AM = MB, 
Tage, OM te eepelere rman mes 27). 
andes raat arc AMB, the angles AOM, 
stand on equal arcs, ai are therefore equal; and 
ces it can be proved, as above, that CM also bisects 
AB, and is therefore perpendicular to it. 
es rr: line grapctae raged See AB, it 
cut at t es; it e centre 
C, and will Minecd the stele ACB. pence 
For it has been et iis ueGhicuawa eau 
centre to M, the middle of the arc, bisects AB ; hence the 
line ge pian from gota wig’ secrete agp 
mer, consequen t centre, 
slis od AB of salt egies, od tec e ACB. 
7. if ba — ns AB, wil area a AB at 
angies, it sect A pass centre, 
wi will binnot the angle AC 
Tice an poe eatin the wine manner 


"ince the Ene line must pass through C, and as 
dear esata os thi cose pase theo reduced to 
the first part of the case above. 
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ERXBRCISE VII.—THEOREM. 


If a circle be described on the radius of another circle, 
any chord in the latter, drawn from the point in which the 
circles meet, is bisected by the former. 


rie eat a circle, AE a radius of it, and ADE a 
arcle described on AE as a diameter ; 
then any chord, as AC, in the circle a . 
ABC, is bisected in D. (Oe 

For join DE; then angle ADE in 
8 semicircle is a right angle (IIT. 31), 
and ges ale (III. 3) AC is bi- 


sected in 





EXERCISE VIII.——THEOREM. 


The exterior angle of a quadrilateral figure inscribed in 
a circle is equal to the interior and opposite. 


Let ABDC be a quadrilateral inscribed in a circle, its 
pis angle DBE is equal to its interior opposite angle 
ACD. 

For (III. 22) the opposite angles ACD, ABD, together, 
are equal to two right angles, also 
(1. 13) ABD and DBE are together © 
equal to two right wi ye conse- 
quently the first pair of angles are : 
equal to the secund pair; and taking “ i 
from both the common angle ABD, 
there remains angle ACD = DBE. 






EXERCISE 1X.— THEOREM. 
Parallel chords in a circle intercept equal arcs. 


Let AB, CD, be two chords in a , 
circle ; then the intercepted arcs AC, 
BD, are equal. 

For jon AD; then (I. @9) the 
alternate angles ADC, BAD, are AY- 
equal, and thecslore (I. 26) the arcs 
AC, BD, on which the angles stand, 
are equal. 
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If two circles touch one another, either internally or ex- 
ternally, the chords of the two arcs, intercepted between 
two lines drawn through the point of contact, are parallel. 


Let ACO, BDO, be two circles touching in O; AB, CD, 
any two lines through O; then the chords AC, DB, are 
parallel. 

For draw the line EF through O, and perpendicular to 
the line joining the centres of eae % 
the sralesje/hieli geese throu h a ae NI a 
the point of contact (III. 12); fs “~~ “| 
hence (III. 16) EF is a tan- (| pe, “an 
gent to both circles ; conse- ae Fie aS 
pineal (III. 32) angle A = Wiese | eee 

OF, and (I. 15) COF = id 
DOK, and (III. 32) DOE = B; wherefore angle A = B, 
and AC is parallel to DB (I. 27). 


EXERCISE XI.-~—THEOREM. 


Ifa 5 Sih to a circle be parallel to a chord, the point 
of contact bisects the intercepted are. 


Let the tangent EG and chord CD to the circle ABF 
(Bg. t0 Oth Ex.) be parallel, then the arc CFD is bisected 
in Ff. 


For since EG is a tangent, therefore fe 32) angle 
CFE = CDF ; and because EG is parallel to CD, angle 
CFE = FCD; consequently angle CDF = FCD; and 
therefore (III. 26) the are CF is = DF. 


RKERCISE XII.— THEOREM. 


If a chord to the greater of two concentric circles be a 
tangent to the less, it is bisected in the point of contact. 

Let MPN, RTS (fig. to the 5th Ex.) be two concentric 
circles, and PQ a chord to the greater, touching the less in 
T, then PT = TQ. 
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For if OT be drawn, it will be perpendicular to PQ; 
and since O is the centre of the circle MPN, and OT per- 
pena to the chord PQ, it bisects the chord (LIL 3); 

ence PT = TQ. 


EXERCISE XIII.~—THEOREM. 


If any number of circles intersect a given circle, and 
through two given points, the lines joining the intersections 
of each circle will at meet in the same point. 


Let A, B, be two given points, and CDFE a given circle ; 
then if any number of circles ABC, ABE, be described 
through A, B, cutting the circle CDFE, then the lines CD, 
EF, produced, will meet AB in the same point P. 

For let CD meet AB, when both are produced, in the 
point P, and from P draw a line PFE, cutting the circle 
CDFE in E and F; then the 
circle described through A, B, 
and E, will cut PE in F, the 

oint in which it cuts CDEF. 

‘or if not, let it cut PE in 
another point FY (not shown in 
the figure); then as PC, PE, 
are secants of the circle CDEF, 
therefore (III. 37) PE-PF = “4“=—® . 
PC: PD = PA-PB; but PA, PFE, being secants of the 
circle ABEF’, therefore PA- PB — PE: PF’; hence 
PE-PF = PE: PF; and consequently PF = PF, or F’ 
coincides with F. Wherefore the line joining the points of 
section KE, F', meets AB in the same point P in which CD 
meets it; and the same can be proved of any other circle 
passing through A and B, and cutting the circle CDEF. 


Cor.—Hence, if the rectangles PA+PB and PE-PF 
eo oe can be described through A, B, E, 
an . 






EXRBCIAR XIV.—PROBLEM. 
Through two given points, to describe a circle touching 
a given circle. 
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Let A, B, be the given points, and CDT the given circle, 
to describe a circle through A and B, to touch CDT. 

Let any circle passing through A and B cut the given 
circle in C and D; draw CD and AB, and produce them 
to meet in P; from P draw the ts PT, PT’, to the 
given circle CTD; then if a circle be described at 
through A, B, and T, or through A, B, and T’, it will touch 
the given cirole either externally or internally. 

For since PT is a tangent to the given circle CTD, 
therefore PT* = PC: PD (II. 36) ; 
but A, B, C, D, being, by hypothe- 
sis, points in the circumference of a 
circle, hence PO- PD = PA- PB; 
wherefore PA* PB = PT?, and con- 
sequently (III. 37) PT is also a tan- 

¢ to the circle ABT. Since PT ( 
18 m common tangent, the cireles ,\. - if gies 
must touch in Ts for the tangent eo . 
lies between them, so that they can meet only in the 
point T. 

If a circle be described through A, B, and T’, it could 
be oe proved that it would touch the given circle 
in T’. 





EXERCISE XV.-——THEOKRRM. 


If two chords in a circle intersect cach other perpendi- 
ly, the sum of the equares of their four segments is 
equal to the square of the diameter. 


Let ABDC be a circle, and AB, CE, two perpendicular 
chords in it, then the sum of the squares of the segments 
AF, FC, EF, FB, is equal to the square of the diameter. 

For draw the diameter ED, and join CD, AC, DB, 
and EB. Then angle ECD is right (IIL. 31), and there- 
fore = EFB ; consequently (J. 29) CD sc 
is parallel to AB; and hence (9th Ex.) 
the arc AC = DB; wherefore (IIL 4 fF. 
96) the chord AC=DB. Also angle Ps 
EBD in a semicircle is right (IIT. si L 
Now (1. 47) AF? 4+FC?=—AC= DB; 2£ 
and EF? + FB* = EB’; also EB’ + DE* — DE!: conse- 
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od 


quently, adding equals to equals, AF? + FC? + EF* + FB? 
= DE’. 


RXERCISE XVI.~—-THEOREM. 


Perpendiculars from the extremities of a diameter of a 
circle, upon any chord, cut off equal segments. 


Let ABDC be a circle, AB a diameter, CD a chord, and 
Paes BF, Oa da on the chord; then the segment 
CE — 

For ie GH oe the centre QO, parallel to CD, and 
re ae endicular to EF. Then because E 

of, are pe ndicular to EF, they as 
re pall ( 38), and ETI, GO, are 
arallel by construction ; consequently 
GH is a parallelogram, and it is rectan- 
gular 46, Cor.) It is similarly shown 
that 1H is a rectangle ; wherefore GO = 
EI, and OIL = IF. Now, in the triangles AOG, BOH, 
the vertical angles at O are equal, the alternate angles at 
A and B, and the side AO = OB; consequently (I. 26) 
the triangles are every way equal ; hence GO = OH; where- 
fore El = IF, and (III. 3 cl= ID; aeehis the re- 
mainder CE = DF. 





EXERCISE XVIJ.——PROBLEM. 


Given the vertical angle, the base and altitude of a tri- 
angle, to construct it. 


Let AB be the base, V the vertical angle, and H the 
ultitude of the ake to construct it. 
On the base AB describe a ent of a circle ABDE, 


containing an my te equal to the given c D 
ungle; and draw AC perpendicular to AB, wv 
a make AC = Hi; through C draw CD 
el to the base, and let it cut the arc R 


m D and E; join AD and DB, aod AUP 
is the aan triangle. 
For the vertex of the triangle must lie in ‘s 
the line CD (1. 34, Cor.) ; it must also evi- V 
dently lie in the are of the segment (III. 21); hence it 
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must be either of the points D or E. Join AD and DR, 
and ADB is one of the required triangles; for it haa the 
given base, the given height, and vertical angle. 

By joining AE and BE, it can be similarly shown 
that the triangle ABE fulfils the three required conditions 
of having a base, altitude, and vertical angle of the given 
magnitudes. 

The two triangles ADB, ABE, are evidently equal in 
every respect, though they are in reverse positions. They 
could not be made to coincide, without first conceiving one 
of them to be turned round some line, as one of its sides, as 
an axis, till it would describe half a revolution, and thus 
again come into the same plane, though in a reverse posi- 
tion to its present. 


EXERCISE XVIII-—THEOREM. 


In a circle, the sum of the squares of two lines drawn 
from the extremities of a chord, to any point in a diameter 
parallel to it, is equal to the sum of the squares of the seg- 
ments of the diameter. 


Let ABDC be a circle, of which AB, CD, are a diameter 
and a chord parallel to it; then if E be any point in the 
diameter, CE? + EDLY = AEF? + EB?. 

For draw OF perpendicular to CD, and join EF and 
elas (HII. 3) CD is bisected in, “Fo 

> is perpendicular to AB (I. 29); ‘ol 
and hence (II. A.) CE? + gb 20H ra no a 
+2 EF. Again, 2 EF? = 20F 4 “\ "OE 7” 
2 OF? (1. 47); consequently 2 CF? 4 
2 EFF = 2CEP+20F+420E% But — 

2 CF + 2 OF = 2 OC* = 2 AOS (IL. 47); therefore 
2 CF? + 2 EF? = 2 AO? + 2 OER? = AE? + EB (IL. 9). 
Hence CE? + ED? = AE? + EB’. 


RXRRCISE XIX.—PROBLEM. 
Given the vertical angle, the base, and the sum of the 
sides of a triangle, to construct it. 


Let AB be the base, V the vertical angle, and S the sum 
of the sides, to construct the triangle. 
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On the base AB describe a segment of a circle ACB, 
containing an pale — to V, and 
another arc, of which BD is a por- 
tion, containing an angle == 4 V ; then c 


with a radius AE = 8, and centre 
A cut BD in D; join AD and ae 
BF, and ABF is the required tri- / 


angle. = 

or join BD; then angle AFB 
<= twice D by construction; but y<_ 
AFB = D + DBF (1. 32); hence 5s ————_____. 
D + DBF = 21); and therefore DBF =D, and conte- 
ae DF = BF. But AF+ FD = AD = AE=S§; 

erefore aloo AF + FB=S. The triangle ABF, there- 

fore, has the given base, the given sum of the sides, and 
the given vertical angle; it is, therefore, the required tri- 
angle. 

ad the difference of the sides been given instead of the 
sum, then, instead of describing the segment of which BD 
is @ part, it would have been necessary to describe a seg- 
ment on AB containing an angle equal to V, added to half 
ita defect from two right angles chat is, to V-+4 BED; 
and then from A as centre, with a radius equal to the dif- 
ference, to cut this latter arc in a point, eay D; then the 
remaining construction and proof would have been analo- 
gous to that above. 








EXERCIS2 XX.-—-THEOREM. 


If the points of contact of two tangents to a circle be 
joined, any secant drawn from their intersection is divided 
into three segments such, that the rectangle under the 
secant and its middle segment, is equal to that under its 
extreme segments. 

Let PMN be a circle, TM, TN, two tangents, MN a 
chord joining the poste of contact, 
and rt a secant; then . 

PT -QR = PQ- RT. 

For (IU. 37, Cor.) MT = TN, and 
hence MNT is an isosceles triangle ; 
consequently (II. D.) 
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MT? = QT? + MQ:QN = QT’ + PQ: QR (III. 35) ; 

but MT* = PT-TR (IIL 36) = PQ-TR+ QT TR; 

hence QT? + PQ: QR = PQ: TR + QT TR. 

Or, since QT? = QT: QR + QT: TR (IT. 2); 

oe QT : QR + QT: TR + PQ: QR = PQ-TR + 

QT-TR; 

and taking QT-TR from both these equals, there remains 
QT-QR + PQ: QR = PQ: RT. | 

Or (IL. 1), PT- QR = PQ: RT. 


EXERCISE XX3.-—THEOREM. 


If the opposite sides of a quadrilateral inscribed in a circle 
be produced to meet, the square of the line joining the 
points of concourse is equal to the sum of the squares of 
the two tangents from these points. 


Let CDEF be a quadrilateral inscribed in a circle, and 


let the opposite sides produced Ly 
meet in A and B, then ae 
AB = T* +. 1’, ‘ 


where T, T’, denote the lengths 
of the tangents AT, BT’, drawn 
from A and B to the circle. 
Divide AB in G, so that 
AB: BG = T’. This can he 
done by drawing from B a secant we Lee 
to the circle CDEF equal to BA; 4 G is 
then its external segment will be BG. Then since T? = 
BD- BE (LL 36), hence AB: BG = DB: BE, and con- 
sequently a circle may be described through the points A, 
G, E, and F; hence angle AGD = DEF (LIT. 22); where- 
fore (I. 13, Cor., and fit 22) since angle AGD + BGD 
== two right ann ao ight angles, 
therefore angle BGD = BCD, and consequently a circle 
may be described through the points B, G, C, and D; and 
vently AB- AG = AD- AC = T?; but AB- BG = 
T?, whence AB: AG + AB: BG = T? + T*. 
Or (IL.1), AB (AG + BG) = AH = T + T’. 


/| 2 
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EXERCISE I.—PROBLEM. 


Through a given point within or without a circle, to 
draw a chord that shall be equal to a given line. 


Let ABCD be a circle, P a point within it, and La given 
line, to draw through P a chord that shall be = L. 

Place any chord AB in the circle = L, draw from the 
centre O the perpendicular OD to AB, _, 
and describe with the radius OD the 
circle DEF concentric with the given 
circle; from P draw the tangent PE to 
the interior circle, and produce it to C 


and D, then CD is the required chord. 








For join O, E, then OE is perpen- L————- 
dicular to CD (III. 16); consequently (III. 15) since 
OE = OD, the chord CD is = AB, and AB = L; there- 
fure CD = L. 


If the point were without the circle, as P’, the construc- 
tion would be the same as in the preceding case. 


EXERCISE 11.-—-PROBLEM. 


To draw a chord in a circle that shall be equal to a 
given line, and parallel to another given line, or inclined to 
it at a given angle. 

Let L be the given line, and ABCD the given circle 
(fg. to preceding Ex). 

As in the last Exercise, place a line AB in the circle 
ABCD = L, and draw OD from the centre O perpendi- 
cular to AB; then if the required chord is to be 
to L, draw from the centre O a:‘line OF, in a direction 
perpendicular to L, and make OE = OD; then draw a 
chord DEC through E, perpendicular to OE, and it isthe 
required chord. 
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For since OE = OD, therefore (IIT. 14) CD= AB; 
but AB was made = L; hence CD=L. And because 
(OE is perpendicular to L and CD, therefore these two lines 
are parallel. 

Again, if the required chord is to be inclined to L at a 
given angle, then draw a line M (not shown in the figure) 
through any point in JL, making the given angle with L; 
then, as in the former case, draw a chord equal to L, and 
parallel to M, and it would evidently be the required chord. 


EXERCISE I11.——-PROBLEM. 


To draw a tangent to a given circle, so that it shall be 
parallel to a given line. 


Let RLVU be the given circle, and MN the given line, 
to draw a tangent to the circle 
parallel to MN. 

Draw a line ON from the 
centre perpendicular to MN, and 
produce the line to R; then at 
R draw QR perpendicular to 
OR, and it is the required tan- < 

nt. 

For RN bein dicular 
to both RQ and Gr , the alter- 
nate angles at R and N are equal; and hence (I. 27) QR 
is parallel to MN. 





EXERCISE IV.—-PROBLEM. 


To draw a tangent to a circle, so that it shall make a 
given angle with a given line. 

Let RLVU be the given circle, and MN the given line 
(fig. to 3d Ex). 

Draw MP from any point M in MN, so as to be inclined 
to MN at an angle M = the given angle; then, by the 

ing Exercise, draw a tangent LT parallel to MP, and 

it is the required tangent. 

For if LT be produced to mect MN in some point W 
(not shown in the figure), the angle W would be equal to 
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the alternate angle M; hence LT is inclined to MN at the 
given angle. 


EXERCISE V.-—PROBLEM. 


To find a point in a given line that shall be equidistant 
from another given point in it, and from another given 
line. 


Let AB, CD, be two given lines, and D a ety in the 
latter, to find another point, C, in it that shall be equidis- 
tant from D and from AB. 

From D draw DB endicular to AB, and bisect angle 
CDB by DA; let DA produced cut 
AB in A; then draw AC parallel to 
BD, and C is the required point.  — 

For the alternate angles CAD, 
ADB, are equal, and ADB is equal 
to ADC by construction ; hence also ‘ 3 
CAD = ADO, and consequently (1. 5) AC = CD, and C 
is the required point. | 









BXERCIBE VI-—PROBLEM. 


To describe a circle that shall touch a given line in a 
given point, and pass through another given point. 

Let QR he the given line, and P the given point, to de- 
scribe a circle passing through P, and touching QR in M. 

Draw MO croeniioular to QR, join MP, and draw PO, 
Heeae angle P — OMP, then 
from O as a centre, with the 
radius OM, describe the circle 
MPS, and it is the required 
circle. 

For since angle P =: OMP, 
therefore OP = OM, and a -- 
circle described from the centre 
QO, with the radius OM, will ! 

through the points M and Yo€F€Y 
P; and since OM is perpendicular to QR, the circle also 
touches QR. 
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BXERCIBE VIJ.——PROBLEM. 


To draw a line that shal] be a common tangent to two 
circles. 

Let NUW, RVX, be the two circles, it is required to 
draw a common tangent to them. 

About the centre O, describe a circle MYZ, whose radius 
OM is the difference be- Vv R 
tween those of the given rae 
circles; that is, OM = 
ON — RQ; from the 
centre Q draw MQ, a 
tangent to MYZ ; join 
OM, end produce OM 
to N; draw RQ parallel 
to MN, and join NR; 
then NR is the required S 
tangent. 

For OM = ON— RQ, but OM = ON— MUN; hence 
MN must = RQ, and is also parallel to it; wherefore NR 
is equal and parallel to MQ (I. 33), and MIR is a rect- 
angle (I. Def. 40, and I. 46, Cor.); whence angles N 
and R are right, and therefore NR is a common tangent 
(III. 16). 


If from centre Q, with a radius OT = the sum of ON 
and RQ, an arc ST be described, and a tangent to it, 
QT, be drawn from the centre Q, and QV be drawn 
parallel to OT, and UV joined, it can be shown, in 
exactly the same way as in the preceding case, that UQ is 
a rectangle, and UV a common tangent. 





BXHRCISE VIII.-—PROBLEM. 
To find s point in a given Jine that shall be equidistant 
from another given point and a given line. 
Let P be the baie & int, and KAI, OF, the given lines, 
to fad point O in I that shall be equidistant from P 
an 


4 
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Draw PI perpendicular to OI, and produce it to N and 


P, and let IN = IP; find ML, the N 
side of 1 square equal ‘to the rectangle 
MN-MP (II. 14); through L draw I 


LO perpendicular to KM, and O is 
the required point. 

For if a circle LPN be described * ee 
through the three points LPN, then since MN: MP = 
ML’, MK j is a tangent to the circle (III. 37) ; consequently 
the centre is in LO (III. 19); also, since 10 bisects the 
chord PN perpendicularly, the centre of the circle is in IO 
(III. 3, Cor.) ; consequently O must be the centre, and 
therefore OL = OP; and O is the required point. 


EXERCISE 1X.—-PROBLEM. 


To deacribe a circle that shall pass through two given 
points, and touch a given line. 


Let P, N, be the given points, and KM the given line, 
to describe a circle passing through P and N, sf) touching 
KM (fig. to preceding Ex). 

Join N, P, and bisect it perpendicularly by IO; then, as 
in the last problem, find O the centre of the circle LPN, 
and describe it, and it is the required circle. 


EXERCISE X.—PROBLEM. 


To describe a circle that shall touch a given Jine in a 
given point, and also touch a given circle. 


_ Let PLN be the given circle, and QMR the given line, 
and M the gi an se ant in it, to describe a circle touching 
PLN, and aio QR in M. 

Draw OMU dicnlar to QR (fig. to haps a : 
anda line VU parallel 1 to QR, and at hy (ise 

ual to PK, the radius of PLN. Let K be the ane 

PLN, and describe a circle (by 6th Ex.), KLU, pess- 

ing through K, and touching UY i in U; then since OM 

ieular to QR, it is so to UV, for angle OMR = 

OUV (1. 29); hence the centre of the cirde KLU must 
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lie in OU (IIT. 19), and its centre O is the centre of the 
required circle PMS, of which OM or OP is the radius. 
For OU = OK, and MU = PK; hence OM = OP; 
and therefore a circle described from O as a centre, with 
the radius OM, will pass through M and P; and since OK 
asses through P, and a perpendicular to OK at P would 
a tangent to both circles, the circles must touch in P; 
also angle OMR being a right angle, the circle PMS touches 
the ine QMR. 


EXERCISE X1.-—THEORKM. 


A regular octagon inscribed in a circle is equal to the 
pecianae under the sides of the inscribed and circumscrib- 
ing square. 

Let ABCD be a circle, AB a side of the inscribed square, 
EFHG the cireumscribed square, and AI, IB, two sides of 
the inscribed octagon ; then the area of the octagon = 
AB: AC. : 

For (1V. 6 and 7) the diameter AC, and the radius 
BO, are mutually perpendicular, also AC 
18 spar to EF and GH, and equal 
to the mdes of the circumscribed square ; 
also the chords AI, IB, being sides of the 
—— are equal, and hence the arc AI 
= IB (IIT. 28); and consequently (6th 
Ex. of Third Book) OF is perpendicular 
to AB, and bisects it. Hence, 
twice triangle OBI = IO- BK (I. 41); also 
twice triangle OAI = 10° AK; and therefore 
twice AOBI = 10 (AK + BK) = 10- AB (IE 1); 
Or, 4 AOBI = 2A0: AB = AC- AB; 
and the octagon is evidently four times the quadrilateral 
AOBI ; hence it also = AC- AB. 


13) K 
<enmmne 





EXERCISE Xi1.—PROBLEM. 
To inscribe a circle in a given quadrant. 


Let LMN be the quadrant, it is required to describe @ 
circle in it. 
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Draw LP, bisecting the right angle MLN ; from P draw 
PQ parallel to LN, and PR, bisecting angle LPQ; then 
from R draw RO lel to LN, to meet LP in O, and O 
is the centre of the circle required, and OP or OR its 


radius. | 

For draw OS parallel to LM. Then, since PLM is half 
aright angle, and ORL is a right angle (I. y 
29), hence LOR is also half a right angle, 
and therefore LR = RO; but LR = OS P 

I. 34), whence RO= OS. Again, angle g 

PR = QPR by construction, and QPR = 
PRO, being alternate (1. 29) ; therefore OPR 
=: PRO, and hence OR = OP; wherefore & B® & 2 
OR, OP, O8, are all equal; and a circle being described, 
with any of these lines as radius from the centre O, it will 
pass through the points P, R,& It will also touch the 
radii LM, LN, because the angles at R and S are right, 
since SR is a rectangle (I. 46, Cor.); and it touches the 
arc MPN in P, for the line OL, joining the centres, passes 
through P, and a perpendicular to LP at P would be a 
tangent to the quadrantal arc and the circle PRS. 


EXERCISE X111.—-PROBLEM. 


To describe a circle that shall pass through a given point, 
ond touch a given circle in a given point. 

Let KMT be the given circle, and T the given point of 
contact, and P awother given point; to describe a circle 
passing through P, and touching KMT in T. 

Th T draw the radius br from the centre C, and 
produce OT; jom P and T, and make angle P = OTP, 
then O is the centre of the re- L 
quired circle ; and if from O as 
centre, with a radius == OP, a » 
circle, PLT, be described, it will 
pass through P, and touch the =a 
circle KMT in T. ? 

For angle P = OTP; hence OT = OP, and the cirrle 
touches MKT in T, because the circles meet in T, and a 
_ line perpendicular to OO at T would be a common tangent 
to them (IIT. 16). 
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RXRRCHE XIV.-—THEOREM. 


If a quadrilateral circumseribe a circle, any two of its 
opposite sides are together equal to half its perimeter. 

Let ABCD be a quadrilateral circumscribing the circle 
MNPQ, then AB + CD, or AD + BC, is = to the hulf of 
AB + BC +CD + AD. 

For (IIL. 37, Cor.) the tangent AM = AQ, BM = BN, 
DP= and CP=CN; hence thesum y PC 
of the first of these four pairs of equal quan- 


tities is equal to the sum of the other four ; 6 N 
that is, AM + BM + DP +CP = AQ + 

BN + DQ + CN. 

Or, AB+CD=AD+BC; A B 


that is, the sum of two opposite sides ig equal to the sum 
of the other two sides; wherefore the sum of either pair of 
opposite sides is equal to half the perimeter. 


Con.—The sum of one pair of opposite sides of a quadri- 
tateral circumscribing a circle, is equal to the sum of the 
other pair of sides. 


EXERCISE XV.-~THROREM. 


If every two alternate sides of a polygon be produced to 
bare the fowe 4 = aa angles thus formed, with eight 
ight angles, will be equal to twice as many right angles as 
the figure has sides. vee 
Let ABCDE be a polygon, and let its sides produced 
meet in F, G, H, T, ives the K ie 
sum'of the salient angles F, G, H, 
T, and K, with eight right angles, 
ne to the interior angles of 


a puabes of Bieee = exterior 
to gure is evidently to — 
the number of sides, and ‘he wore 
of their angles therefore equal to x 
two right angles repeated a often as the figure has sides 
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({. 32). But any angle, as m, at the base of one of these 
triangles, is equal to the opposite angle TAE in the conti- 
guous triangle AET ; hence, since the angles m, n, t, 9, e, 
are exterior angles of the polygon, they are equal to four 
right angles, and consequently all the angles at the bases 
of the triangles are together equal to eight ao angles ; 
wherefore the salient angles F, G, H, T, K, with twice the 
angles m,n, u, ©, w, that is, with eight right angles, are 
equal to twice as many right angles as the figure has sides. 

Cor.—The salient angles are equal to the interior angles 
with four right angles; and therefore the salient angles, 
with four right angles, are equal to the -interior angles of 
the figure. 


The proof will appear more clear and concise thus :-— 
Let 8 denote the salient angles, 
B the angles at the bases of the triangles, 
I the interior angles of the polygon, 
R a right angle, and 
n the number of the polygon’s sides ; 
then since the exterior angles m, n, u,v, w, are equal to 
their vertically opposite cael all the angles at the bases ; 
that ia, 
B = 8 mght angles. 
But S-+ B = 2 R repeated as often as there are triangles, 
o S+8R—2R x 2a. 


Again, 1+4R =2R x n (I. 32, Cor. 1); 


hence 8+8R—1+42k; 
and taking away 4 R from these equals, 
there remains 8+4R=—1. 


EXERCISE XVI.—-THEOREM. 


If on two opposite sides of a rectangle semicircles be de- 
scribed lying on corresponding sides of their diameters, the 
mixtilineal space contained by their ares, and the other two 
sides of the rectangle, is equal to the rectangle. 


Let ML be the rectangle KPL, MQN, semicircles de- 
scribed on its opposite sides KL, MN ; then the mixtilineal 
space KMQNLD is equal to the rectangle. 
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For from the whole figure KMQNLK take away the 

semicircle MQN, and there remains the 
KMNL; and from the same 

figare take away the other semicircle KPL, 1 
and there remains the mixtilineal space 
KMQNLP:; and since the semicircles are 
equal, as their diameters are so, therefore L 
the remainders are equal ; that is, the given rectangle MI 
is equal to the mixtilineal space KMQNLP. 





EXERCISE XVII.—-PROBLEM. 


To describe a circle that shall touch two given lines, and 
pass through a given point. 

Let MN, NQ, be the two given lines, and P the given 
point; to describe a circle through P, and touching MN 
and NQ. 

Draw NS bisecting angle MNQ (1.9), then, by the 8th 
Exercise, find a point, R, in NS equidistant from P and 
the line NQ (by the 8th Ex.); and R is the centre of 
the required circle. 

For (by the 8th Ex. in First Book) R is equidistant 
from MN and NQ, and also —., 
from P and NQ; hence XT, r Nt 
RM, RP, are equal, and a \ 
circle deacribed from the centre 
R, with either of these three 
lines as radius, will 
through P, T, and M. The 
circle will also touch MN, NQ, 
for the angles at M and T are © 
night angles. 





EXERCISE XVIII.-—PROBLEM. 


To describe a circle that shall touch two given lines and 
@ given circle. 

Let MN, NQ, be the given lines, and PTU the given 
circle ; to describe a circle touching the given lines and the 
given circle. (See the fig. to last Ex.) 
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Draw a line WX at a distance from NQ, equal to the 
radius OP of the given circle, and parallel to NQ; bisect 
angle MNT by NS, and, as in the preceding Exercise, find 
a point 2 in NS, the centre of a circle passing through O, 
the centre of the given circle, and touching WX in V; 
then R is the centre of the required circle. For draw the 
radius RV ; then, as in the 10th Exercise, it can be easily 

ved that, since RV — RO, TV = PO, and therefore 

T = RP, the circle described from R as a centre, 
with either RT or RP as a radius, will touch the circle 
PTU in P, the line NQ in T, and consequently (by the 
preceding Ex.) it will ulso touch NM; hence MPT is the 
required circle. 


FIFTH BOOK. 


RXERCISE 1.—THEOREN. 


If all the terms, or any two homologous terms, or the 
terms of either of the ratios of an analogy, be multiplied or 
divided by the same number, the resulting magnitudes are 
still proportional. 

Let A: B=C:D, and m,n, any two numbers; then, 

First, mA: mB = mC: mD. 
Second. Die Bs tO D. 
m win 
Third, mA: B= mC: D. 
Fourth, 1,4: p=40:p. 
m m 
Fifth, mA:mB = C:D. 
sixth, ta:iB=c:n. 
mm 


First. Since A: B = mA: mB, and C:D = mC: mD 
Sf wt hence, from equal ratioe (V. 11), mA: mB = 
mC :mD. 
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Second. Since A and B are multiples of =A and “B by 
1 


™ 


m, therefore A: B = A: 2B (V. 15); similarly, C:D = 


1o,1p; consequently (V. 11) a : 1s = le ; 1p. 
m om moeom, mi om 
Third. Since A: B = C: D, therefore (V. 4, Cor.) mA: B 
azmC:D. 
It is similarly proved that A:nB = C:nD; for this is 
the case of m =: 1 in V. 4; as in the corollary in the case 
uf wn = 1. 


Fourth. Since A:B = €:D, by alternation A.C = 
B:D; and therefore, as in the second case above, —A 7 C 


] . 
+ 7? 
Fifth. Since A: B= C:D, and (V. 15) A: B= 
mA : mB, therefore, by equal ratios (V. 11), mA:mB = 
C:D. : 
Sixth. Since A: B= C:D, and since A, B, are equi- 
multiples of =A, <p, by m; therefore (V. 15) A: B= 


1, 1 1, 1 
ats B; and consequently (V. 11) A: B= C:D. 


bis! 


= B:D; and again, by alternation, --A:B = —C:D. 


EXERCISE 11.——THEOREM. 


If any number of magnitudes be in continued rtion, 
the difference between the first and second rata the 
first, as the difference between the first and last to the sum 
of all the terms except the last. 

Let A, B, C, D, E, be in continued proportion, then 
A~B:AzA-~E:A+B+4+C-+D. 

Since Me Def. 15) A:B = B:C, B:C=C:D, and 
C:D=—D:E; therefore (V. 12) 

A:B=A+B4+C+D:B4+C+4D4E. 
Hence (V. D), by conversion, A: A~B=A+B+C4 
D:A~E; for Prop. D of V. is true when the differences 
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of A, B, and of C, D, are taken in the case of B= A, and 
consequently D = C;; also the difference between the third 
and fourth terms above is evidently A~E. By inversion 
of the last analogy, 

A~B:A>=A-~E:A+B+C+4D. 


EXERCISE IIJ.—THEORKM. 


If the same magnitude be added to the terms of a ratio, 
it will be unchanged, increased, or diminished, according as 
it is a ratio of equality, minority, or majority. 


Let A, B, be the terms of g ratio, and C a third quan- 
tity; then, 
First, if A=B, A+C:B+C—A:B; 
Second, if Az B, A+ C:B+Co™A:B; 
Third, if A= B, A+C:B+C = A:B. 

First. Since A = B, therefore A + C = B+ C; there- 
fore (V. 7) A+C:C = B+C:C, and by alternation, 
A+C0:B+C=C:C. It is similarly proved that A: B= 
C:C; and consequently (V. 11) A+C:B+CmA:B. 

Second. Here A << B; and if B—A—D, then B= 
A+D. 
let p be such a number that pC = A; also, let nD be 
the least multiple of D that exceeds pA, so that 
pA «<nD; and hence pA + A = nD, or = nD; 
und consequently pA + pC => nD, or p (A +C) = aD. 
Let m be a number, such that m—=n-+p, or p= 
Mm"; 
then, since pA «nD, p = m—n, and D = B—A; 
therefore (m—n) A un (B— A); 
or, mA —nA - nB—nAd; 
whence mA .<< nB, by adding nA to each of the preceding 
unequals. 
Again, since p(A+C)=aD, 
therefore pA+ pC > n(B—A); 
oT, mA —nA + mC —nC = nB—nA; 
that is, mA -+ mC = nB + nC, by adding nA + nC to 
each of these uncquals. 
Wherefore m(A+C)—=> n(B4+C\. 
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Rut it was proved above that mA << nB; consequently 
(V. Def. 14) A+O:B4+C>A:B. 

Third. Here A= B; and if A—B=D, then A = 
B+D. 

Let p be such a number that pC =~ B; also, let mD be 
the least multiple of D that exceeds pB, so that 

B «zmD ; and hence pB + B= mD, or = mD ; 

and consequently pB + pC =~ mD, or p (B+ C) = mD. 

Let n be anumber such that n = m + p, or p= n—m; 
then, since a cic ig n—m, and D - A—B; 
therefore (n —m) Bum (A—B); 
or, aB—mB << mA — mB; 
whence nB << mA, or mA =~ nB, by adding mB to each 
of the preceding unequals. 

Again, since =p (B4C) = mD, 
therefore pB+ pC = m(A—B); 
or, aB—mB + nC —mC = mA—mB; 
that is, wB+nC = mA +m, by adding mB+mC to 
each of these unequals. 


Wherefore n(B+4C) = m(A+4+C), or m(A+C) 2 


But it was proved above that mA ~ nB; consequently 
(V. 14) ot ee ase 
EXERCISE 1V.—THEOREM. 


The difference of the successive terms of a series of con- 
tinued proportionals are also in continued proportion. 

let A: B=B:C, B:C=—C:D, and COC: D=D:E; 
then, if A>~ B, A—B: B—C=B—C:C—D, and 
B—C:C—D=C—D:D 

For since A:B= 
therefore, by division, A—B: B= B—C:C; 
and alternately, A—B:B—C=—B:C. 
Aguin, because B:C = C:D, it is similarly proved that 

B—C:C—D=C:D. 

But by hypothesis, B: C = C:D; consequently, by equal 
ratios (V.1!), A—B: B—C = B—C:C—D. 
It is similarly proved that B —C:C—D =C—D: D—E; 
consequently A-—B, B—C, C— D, and D—E, are in 
continued proportion. 


o& 


| The same is-sintilarly proved when AB; that i 
when the series of: magnitudes are.decreasing. In the shore 
case, when A => B, the series is evidently increasing. for 
when A = B, then B= C, also C=>~D, and D=> 


The first term of an infinite decreasing series of quan- 
tities in continued proportion, is a mean proportional be- 
tween its excess above the second and tke sum of the 
series. 

For whatever be the number of terms of the series, it is 
shown, as in the 2d Exercise, that, Z denoting the last 
term, 8 the sum of all the terms, and A, B, the first and 
second terms, A—B:A=mA—4:S—dZ. 

But the series may be so far extended, that the last term 
Z will be less than any assignable quantity, however small ; 
hence the limits of the values o A—Z and S—Z are 
A and §; therefore 

A—B:A=A:8. . 
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EXERCISE \.-—THEOREM. 


Lines that intersect any three parallel lines are cut pro- 
portionally. 

Let the two lines AE, BF, intersect the three paralle! 
lines AB, CD, EF; thea AC: CE = BD: DF. 

For produce AE, BF, to meet in G; then (VI. 2) since 
CD is parallel to AB, a side of the G 
triangle ABG, 

AC:CG =BD: D&G; 
alternately, AC: BD = CG: DG. 
Again, because CD is el to EF, 
a side of the triangle , therefore 

CE:CG = DF: D6; 
and alternately, CE: DF = CG: DG. 
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rt og ved above that AC: BD = C@:D 
y equal ratios, * AO: BD =< CE: DE: 
or lppetesae lh AC:CE = BD: DF. 


EXERCISE {1.-—THEOREN. 


If a straight line be divided into three segments, such 
that the rectangle under the whole line and the middle 
segment is equal to that under the extreme segments, the 
line is cut harmonically. 


Let the line MN be cut into three segments in P and Q, 
such that MN - PQ =: MP:QN;; then will MN: NQ = 
MP: PQ. 

Since MN - PQ = MP -QN, therefore (VI. 16) the 
sides of these rectangles are reci- . 


procery Proportions’ 7 
ence MN :NQ = MP: FQ. 


EXERCISH I11.—-THEOREN, 


If from any point in the circumference of a circle a per- 
pendicular be drawn on any radius, and a tangent from the 
same point to meet the radius produced, the radius will be 
a mean proportional between its segments, intercepted be- 
tween the centre and the points of concourse. 


Let PVS be a circle, Ay point in its circumference, 





PS a diameter, VX a icular on it from V, and VT 
& t er a deuce produced in T ; ; then 
WX: = WS: WT 


For join V, W ; then, since zs / common to the 


we wWVX, WTY, and 
WAY, are right an 
therefore (I. 32) their remaining 
angles are equal, and the 


are equia ; hence (VI. 4) 
and since WV = : WS, WX: WS = WS:WT. 





EXERCISE IV-——~THEOBEM. 
If arcs of different circles have a commen chord, lines 
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sh ake from one of its extremities will cut the arcs pro- 
portion 


Let the arcs AEB, ACB, of two different circles have a 
common chord AB; then if the lines AC, AD, be drawn, 
BF: FE = BD: DC. 

For ee 33) BF: FE = mie BAF: angle EAF; and 
alao BD: DC = angle BAF: angle EAF ; E 


for angles BAF, BAF, are just the angles Zo 
BAD, CAD. (ge ni 
Consequently, from equal ratios (V. 11), (Zan 
BF: FE — BD : DC. A 
RXERCI8SE V.—PROBLEM. 


To cut a straight line harmonically. 


Let AB be the given line to be divided harmonically. 

Draw any line AE, and on it E 
take any two ents AD and Cc 
DC, and make CE = CD; join ag 
CB, and draw DF parallel to | 
CB; jon EF, and draw CG A G F 
parallel to EF, and AB is cut harmonically in (and F. 

For since DF is parallel to CB, the triangles ABC, AFD, 
are similar; and for a similar reason, AEF and ACG are 
nlso similar; consequent! 

F = AC:CD (VI. 4); 
but AC: CD = AC: CE, because CE — CD; 
also AC: CE = AG:GF (VI. 4); 
since the second ratio of the first of these three analogies, 
and the firet ratio of the third, are equal, the first ratio 
must be equal to the last ; that is, 
AB: BF = AG:GF; 

whence AB is cut harmonically. 


Or, more concisely thus : 
AB: BF = AC:CD (VI. 4) = AC:CE = AG:GF(VI.4); 
hence AB: BF = AG:GF, or AB: AG = BF: GF (V. 
16). 


Scroirem.—It is evident that the line AB could be cut 
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harmonically in any given ratio ; for if the ratio of any 
two lines M and N is the given ratio, AC and OD could 
be made respectively equal to M and N, and then AB would 
be cut harmonically in the given ratio. 

A line can therefore be cut internally and extemally in 
the same ratio (II. Def. 3, 4). 

For if any line AF were given, it could be cut in G, and 
ane to B, so that AB: BF = AG: GF, by joining 

F, and drawing CB parallel to DF, and then joining 
EF, and drawing CG parallel to EF. (See VI. A, Scho- 
lium 1). 

EXERCISE VI.—PROBLEM. 


To find a line such, that the first of two given lines shall 
he to the second as the square of the first to the square of 
the required line. 


Let P, Q, be two given lines; it is required to find a 
third line X, such that P:Q — Ps X2, 

Find a line X, a mean Pe galerie between P and Q 
(VI. 13), then P: X= X:Q; and p—————— 
consequently P:Q in the duplicate pees 
ratio of P to X (V. Def. 18); but this xX ——--~-—---—- 
latter ratio is that of P? to x ee 20, Cor. 3); 
hence P:Q 


EXERCISE VJI-—~PROBLEM. 


To find a line euch, that the first of two given lines shal! 
be to it as the square of the first to the square of the 
second. 

Let P, Q, be two given lines; to find a third line X, 
such that P:X = F*:Q*. 

Find a third i anderen X, to the lines P end Qi 
then P:Q =— Q:X; and therefore, Pow oe mee 
as in the preceding exercise (V. Def. @ 

7? and VL 20, Cor. 3), Ps X= Ko 
P?: Q? 
EXERCISE V1II.—PROBLEM. 
From a given angle, to cut off a triangle equal to a 
E 
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given space, 80 that its sides about that angle shall have s 
given ratio. 

Let BAC be a given angle, M, N, two lines in a given 
ratio, and 8 a line whose square is the given ; to cut 
off, by a gcse line Pte a triangle ADE = ,and puch 
that AD: AE — M:N 

Make AB = M, and AC = N, and _ BC; ne 
AB: AC is the given ratio. Find the 


side T of a square equal to the triangle 
ABC (II. 14); and find AD a fourth 
proportional to T, 8, and AB (VI. 12), 


and draw DE parallel to BC; then A 
ADE is the required triangle. 

For (VI. 22) T?: 8S? — AB: AD?; cats 
and (VI. 22, Cor. 3) triangle ABC: 8 —-—-—---- 


triangle ADE = AB?: AD*; Sarees aera 
hence (V. 11) ae ABC: : triangle ADE = T?: S?. 
But triangle ABC = I? ; hence triangle ADE = & ; also 


AD: AE = AB: AC, since DE is parallel to BC (VI. 2); 
wherefore AD: AE = M:N. 


EXERCISE 1X.-—PROBLEM. 


To cut off from a given triangle another similar to it, and 
In a given ratio to it. 


Let ABC be a triangle, and M, N, two lines, to cut off 
from ABC another triangle ADE, sinuilar to ABC, so that 
ADE: ABC = M:N. 

On AB describe the semicircle ABG ; and cut off AF, so 
that AB: AF =N:M (VI. 12); draw c 
FG dicular to AB, and join AG : va \ 
and ; make AD = AG; draw DE 
parallel to BC, and ADE is the required va x 
triangle. He yO B 

‘or (VI. 8, Cor.) AB; AF = AB?: ae 
AG? ; but AB: AF = N:M, and AD ae 
= AG; therefore N: M = AB: ae oon 
Again, the tmangle ABC : a 

E = AB: AD? (VI. 20, Cor. ra 
oo - triangle A : triangle ADE 


AN 
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EXERCISE X.~—PROBLEM. 


Through a given point in a circle, to draw a chord whose 
segments shall have a given ratio. 


Let KFL be a given circle, and the ratio of the lines 
M,N, the given ratio, and P the given point; to draw a 
chord GF through P, so that GP: PF = M:N. 


P draw the diameter KL, and PQ perpendi- 
cular to it; make AB ee 9th Ex.) t 
= M, and AON, an dalineTa 
mean proportional to AB and AC; then _ / 
find AD a fourth proportional to T, PQ, “!~~ #------)© 
and AB; and draw DE parallel to BC; 5. | y 
then AD, AF, are the required segments et ee 
of FQ. Make PG = AD, and produce k 
PG to F, and PF is the required chord.» —--——_— 

Since T?: PQ? = AB: AD? (VI. 22); n—— -- 

and since the rectangles BA*AC and T-——-—— 
DA: AF are similar, for BA: AC = AD: AE, therefore 
BA: AC: DA’ AF = AFR: AD® (VI. 22, Cor. 3); 
consequently BA:AC: DA: AE = T?: PQ; 
but, by construction, BA: T= T: AC ; wherefore (VI. 16) 
BA+AC = T*; therefore (V. 14) DA- AE = PQ!'; but 
PG: PF = PQ* (IIT. 35); aloo AD = PG; wherefore PF 
= AE. Again, by construction, AD: AE = M:N; there- 
fore PG: PF = M:N. 





EXERCISE XI.— PROBLEM. 


Given the base, the altitude, and the ratio of the sides 
of a triangle ; to construct it. 


Tet FE be the hase of a triangle, the altitude a line H, 
and the ratio of the sides that of two lines M and N ; to 
construct the triangle. 


Place M and N Spe and ina line, then cut FE in 
A in the ratio of M to N (VI. 10); produce FE, and cut it 


a 
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in C, so that FC:CE = M:N 
(Ex. 5, Scholium). Then on AC, 
as a diameter, describe the circle 
ABC; draw from A a perpendi- ¥ 
culer to FA, and cada H (not 
represented in the figure), and 
through its upper extremity draw elaine 
a lel to f E cutting the circle 

ABC in B (as in the 17th Ex. of i 
the Fourth Book); then draw BF, BE, and BEF ia the 
required triangle. 

Join AB, BC, and draw the radius BD ; then, since by 
construction FA: AE = M:N, and FC:CE = M:N; 
therefore FC: CE = FA: AE; hence, 
by alternation (V. 16), CF: FA =CE:EA; 
by mixing (V.G), CF 4+ FA:CF—FA = CE+ EA: 
CE—EA. 

But CF+FA-=2FA+4+2 AD = 2FD, 
CF—FA = AC =2 AD, 
CE+EA =CA =2AD, 
CE—EA = AD+DE—EA = AE4+2DE—EA =—2DE; 
wherefore 2FD:2AD =2AD:2DE, 
or (V.15) FD: AD = AD: DE, or ED’ DF = AD?; it 
therefore follows, by VI. F, that FB: BE = FA: AE; and 
consequently FBE is the required tnangle. 


Cor. 1.—The cirele ABC is the locus of the vertices of 
all the trian that can be constructed on FE as a base, 
and having their sides in the given ratio of M to N. 


Cor, 2.—If a line, as FC, be cut in A and E, so that 
FC:CE = FA: AE; then also FC: FA — CE:EA. 

Cor. 3.—If the segment AC, made up of the middle and 
an extreme segment, be bisected in D, then DF, DA, and 
DE, are in continued proportion ; and conversely. 





nN--~— 





EXERCIS£ X11.— THEOREM. 
If from the extremities of the base of a triangle, lines be 
drawn bisecting the opposite sides, they will divide each 
other in the ratio of two to one. 
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Let ABC be a triangle, and AK, BD, linea from A and 
R, bisecting BC, CA, in E and D; then AO: OE = 2:1], 
and BO: OD = 2:1. 

For jo DE; then since CD = DA, and CE = EB, 
therefore CD: DA = CE: EB, and con- r 
sequently (VI. 2) DE is el to AB; A 
wherefore angle CDE = CAB, and CED Jain 
= ne (I. 59), and the sara wa ms eee 
CAB, are equiangular ; therefore (VI.4) .° # 

CD: DE i, CA: AB; Pho, ies ak 
or alternately, CD:CA=DE:AB; “4 G 4 
but CD =41CA; therefore DE = 4 AB(V.C). 
Now, triangles AOB, DOE, have the vertical angles at O 
equal (I. 15), and the alternate angles at D and B are 
equal, wherefore the triangles are similar; hence (VI. 4) 


AO: OE= AB: DE; but AB = twice DE, therefore AO = 
2 OE ; and it is similarly proved that BO = 20D. 


EXERCISE XIU1T.——THEOREM, 


If a line be drawn lel to the base of a triangle to 
meet the sides, and the alternate extremities of this line 
and of the hase be joined, the line drawn from the vertex 
through the intersection of the connecting lines will bisect 
the base, and will be cut harmonically. 


Let ABC (fig. to last Ex.) be a triangle, and DE any 
line parallel to the base AL, and cutting the sidea in D) and 
E, then CO produced, bisects the base in G, and CG is cut 
harmonically ; or CG: CF = GO: OF. 

The triangles CDF and CAG are similar, since DE is 
paralicl to AB; hence 

CG: CF =CA:CD (VL 4, and V. 16). 
Aes as in the last Exercise, it is proved that the triangles 
ABC, DEC, are similar ; hence 
CA:CD = AB: DE; 
but, as was proved in the preceding Exercise, the triangles 
ABO, DEO. are similar ; beatae. es 
AB: DE = AO: OE, 
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Now, the triangles AOG, FOE, are similar, since their ver- 
tical angles at O are equal, and the alternate angles at A 
and E; wherefore AO: OE — GO: OF. 

In the last four analogies, the second ratio in each is the 
same as the first of the succeeding analogy; hence the first 
ratio is equal to the last ; or 

CG:CF =GO:OF; 
that is, CG is cut in harmonic proportion. 
Again, in the similar triangles CGB, CFE, 
GB: FE —CG:CF; 
and in the similar triangles AOG, FOE, 
AG: FE=GO:OF; 
but it was already proved that CG: CF = GO: OF; 
wherefore, by equal ratios (V. 11), 
GB: FE = AG: FE; hence (V. 14) AG = GB. 


EXERCISK XIV.-——THEOREM. 


The inclination of two chords of a circle is measured hy 
half the sum, or half the difference, of the intercepted arcs, 
according as they intersect internally or externally. 


Tet ABED be a circle, and AD, BC, two chords inter- 
wecting in Q; then, 

First, When the seetion is internal, angle AOB is mena- 
sured by half the sum of the intercepted arcs AB, CD. 


For draw DE parallel to BC; then aa 9th Ex.) are 
CD = BE; wherefore arc AE = AB+BE D_ 
=AB+CD. But angle AOB = D, and A 


D is equal half the angle at the centre, / .) 
\ 
K 





standing on the arc AE (III. 20), which \ 


may be measured by that arc (VI. 33, ~ 
Cor. 2); hence angle D or AOB is mea- 4 ‘ x 
sured by half the are AE, or by half the ‘3B 


sum of AB and CD. 


Secondly, Let the section be external, then angle AOB 
is BOD. by half the difference of the intercepted arcs 
A ‘ 
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For if DE be drawn parallel to BC, 
then, as in the preceding case, arc CD = 
BE, and angle O = ADE. But angle 
ADE is measured by half the arc AE, 
which is the difference between the arcs 
AB and BE, or AB and CD; wherefore 
angle O is measured by half the difference 
between the arcs AB and CD. 


If three lines be in continued proportion, the first is to 
the third aa the equare of the difference between the first 
and second, to the square of the difference between the 
second and third. 


Let A, B, C, denote three lines, such that A: B = B:C. 
then A:C = (A~B)?:(B~C}¥. 

For by conversion (V. D.), A: A~B=B:B-~C; 
by alternation (V.16), A:B=mA~B:B~C; 
aaa baat) (VI. 22, Cor.), A?: BY = (A ~ BY: (B~C)?. 
But (V. Def. 18, and VI. 20, Cor. 3), A:C = A?*: B; 
oe by equal ratios (V. 11), A:C = (A~B)?: 
(B~ CE. 





EXERCISE XVI.——-THEOREM. 


If a line bisect the angle adjacent to the vertical angle of 
a triangle, and meet the base produced, the difference be- 
tween the square of that line and the rectangle under the 
external segments of the base, is equal to the rectangle 
under the sides of the triangle. 


Let ABC be a triangle, CP a line bisecting angle BCE 
adjacent to the vertical angle, and cutting the hess AB pro- 
duced in P, then AP’ rb CP? = AC -CB. 

Draw CD, bisecting angle ACB ; then since angles ACB, 
BCE, together are equal to two 


FE, 
right angles, their halves DCB, , 
BCP, together will be equal to ae 
one right angle, or DCP = a - ay oN 
angle ; hence CD* 4+ CP* = DP*. Fy Le: CeO REM 


But (VI.B),AC-CB=AD-DB * a 2 = 
+ CD; 
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adding CP? to these a aay D? +. OFF ; 
AD-DB+CD? + 


AC: CB+CP 

- AD’DB-+ DP’; since it was 
above shown that CD? + + CP? = DP?, 
Now (II. 4), DP? = DB? + BP? + 2 DB: BP, 

= DB? + BP? + DB: BP + DB: BP. 

Hence AD: DB + DP? = AD- DB + DB? + DB: BP + 
DB- BP + BP?. 
But (If. 1) AP-DB=(AD+DB+ BP) DB = AD-DB 
+D + BP: DB; 
and (II. 3) DP- BP = DB: BP + BP*; 
Shiny a AD: DB + DP? = AP: DB+DP- BP. 
Now (VI. A., Cor.) AP is cut harmonically in D and B, 
hence AP:PB= AD:DB; 
therefore (VI. 16) AP-DB = AD: BP. 
Wherefore AD: DB + DP? = AD-BP + DP-BP = 
(AD + DP) BP = AP- BP. 
And since it was formerly proved that AD: DB + DP? = 
AC: CB + Cl*; consequently AC: CB + CP? = AP- BP; 
Weep Aa between AP- BP and CP?, is equal to 
A 


EXERCISE XVII.—-THEOREM. 


If two tangents and a secant be drawn to a circle from a 
point without it, and the points of contact be joined by a 
straight line, the secant will ] be cut harmonically. 

Let ABD be a circle, PB, PA, two tangents to it from 
any point P; join AB, and draw any secant PD from P, 
and it is cut harmonically ; ; that is, DP: PF = DE: EF. 

For the tangents AP, BP, are equal (III. 37, Cor.) ; 
hence ABP is an isosceles trian " perme 
therefore (II. D.) PB? —PE*=BE-EA, p/“ Ms. 


and ait >) BE-EA = DE- EF’ a, exer 
consequently PB? — PE’ = DE: EF ; Bag: 
that is, PB! exceeds PE! by the rect- Ne 
angle DE: EF; or A 


PB = PE* + DE: EF. 
But (IIT. 36) PB’ = PD- PF ; 
consequently PD: PF = PE? + DE- EF. 
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Now Oe 1) PD- PF = DE: PF + EF: PF+ PF; 
and (1[.4) PEt = EF? + PF’ +2EF-PF; 

therefore DE: PF + EF: PF + PF? = EF? + PEP + 
2EF-PF + DE: EF. 

From both these equal quantities take away the equals ; 
namely, EF: PF, and also PF*, and there remains DE: PF 
= EF? + EF: PF + DE: EF. 

But (II. 1) EF- DP = EF-DE+ EF-EF + EF: PF; 
consequently DE- PF = DP- EF; 

or (V1. 16) DP: PF = DE: EF; 

and therefore (VI. Def. 5) the secant PD is harmonically 
divided. 


RXERCISE XVIII.——THEOREM. 


If two triangles have two angles together equal to two 
right angles, and other two angles ha the sides about 
their remaining angles are proportional. 


Let ABC, BDE, be two triangles having the angles at 
B supplementary, and the wonica angles Ky 
ACB, BED, equal, then shall cf \ 

CA: AB = ED , DB. fs 

For having placed the triangles with Pa ae 
their supplementary angles contiguous, 60 1} 
that the sides opposite to the equal angles 2. /_. *. * 
may be in the same straight line ABF, + Be Re 
then draw CF parallel to ED), and therefore (1. 29) angle 
BCF = BED = ACB ; consequently angle ACF is bisected 
by BC ; and hence (VI. 3) 
AC: CF = AB: BF; 

or alternately 08 16), AC: AB = CF: BF. 
But triangles BCF, BED, are evidently similar, and hence 
CF: BF = ED: DB; whence, by equal ratios (V. 11), 
AC: AB = ED: DB. 


EXERCISE X1X.—THEOREM. 


If a line be drawn through any point in the base of an 
isoaceles triangle, so as to cut off from one side, and add to 
the other, equal segments, it will be bisected by the base. 
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Let ABC be an isosceles triangle, and let the line DGE 
cut off the segment AD from one side C 
AC, and add the equal segment BE to 
the other side BC, then will DE be bi- 
sected in G. 

For angle A = ABC (I. 5); bat 
ABC + ABE = two right angles ; hence 
A+ GBE = two right angles; also the 
vertical angles at G are equal; it follows, 
therefore (ix. 18), that in the two triangles ADG, BGE, 
the sides about the angles at D and E are rtional, or 
AD:DG = BE: EG; whence (V. 14) DG = GE, because 
AD is given = BE. 





If from the angular points of a triangle, lines be drawn 
through any point within it to meet the opposite sides, and 
if from the point of section of the base, lines be drawn 
through the other two points of section to meet a line 
drawn through the vertex parallel to the base, the inter- 
cepted portion of the latter is bisected in the vertex. 


Let ABC be the triangle, and O the point within it; AD, 
BE, CF, the hnes through it from the Go 
angular points, GII a hne parallel to 
AB; and produce FD, FE, to G and 
I; then is GC = CH. FE 2 

For draw EI, DK, parallel to CF, be 
then the triangles AME, AOC, are : 
similar; ag also AIM and AFO; BOC aA I F K 8B 
and BND; and also BOF and BNK ; hence (VI. 4) 

EM :CO = AM: AO, and AM: AO = MI: OF; 

hence, from equal ratio, EM: CO = MI: OF; 
and alternately, EM: M1 = CQ: OF. 
In the same manner it is proved that DN: NK = CO: OF; 
whence, from equal ratio, EM: MI = DN: NK ; 
by addition, EM: EI = DN: DK; 
or by alternation, EI: DK = EM: DN. 
Bat beoause the tri EOM, DON, are manifestly 
similar, EM:DN = OM: OD, 
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and (VI. 2) OM:0OD=IF:FK; | 
whence, from equal ratios, EI: DK = IF: FK, 
and alternate! EI: IF = DK: FK. 
But triangles Sir and GCF are evidently similar, since EI 
is el to CF, and CG to IF; and hence angle IEF = 
CFE, and EFI = FGC; and it is similarly shown that 
triangles DEF, CFH, are similar; ‘ 
whence EI: TF = FC: CG, 
and DK: KF =FC:CH; 
whence, from ratios, FC:CG = FC:CIH; 
consequently (V. 14) CG = CH. 

The proportions may be stated more concisely thus, after 
proving the various triangles similar as above : 
EM: MI=—CO: OF = DN: NK, or EM:MI=DN:NK. 
By addition and inversion, EIT: EM = DK: DN. 
Or EI:DK=—EM:DN = EO:ON =IF:FK; 


whence EI: IF = DE: FK ; 
and FC:CG =—EI:IF = DK:KF=FC:CU; 
and hence CG = CH. 


EXERCISE XX1.—THROREM. 


If from the extremities of the base of a triangle, lines be 
drawn through any point in the perpendicular to meet the 
sides, lines joining the points of section of the sides with 
that of the base: will make equal angles with the base. 


In the preceding Exercise, it was proved that CG CH; 
and hence, when CF is perpendicular to AB, or to its 
parallel GH, then the two triangles FCG, FCH, have the 
sides FC, CG, respectively equal to FC, CH; and the con- 
tained angles being then right angles, therefore the triangles 
are everyway equal ; and hence angle CFG = CFH. — 


EXERCISE XX11.—TAEOREM. 
Harmonicals cut all straight lines that intersect them 
harmonically. 
Let OM, ON, OP, OQ, be harmonicals, and RU any 
line intersecting them, then RU is cut harmonically. 
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For the harmonicals must cut some line harmonically 
(VI. Def. 8); let MQ be this line, -~O0 
and draw VW and XY parallel to 
OM. Then, since VW is parallel to 
OM, the exterior angle P and inte- 
rior M are equal, and also the angle 
Q is common to the two triangles 
PQV and MQO; they are therefore 
similar (I. 32, and VI. 4), Again, 
in the triangles PNW and MNO, the alternate og at P 
and M are equal, and the vertical angles at N, therefore these 
two triangles are similar; and for exactly similar reasons 
the triangles TUX, RUO, STY, and , are similar ; 
wherefore» MO:PV = MQ: PQ (VI. 4), 
and MQ: PQ = MN: NP (by hypothesis) ; 
also MN:NP = MO: PW (VI. 4); 
and since the second ratios of the first and second of these 
three analogies are the same as the first of the second and 
third respectively, the first ratio must be equal to the last ; 
that is, MO:PV = MO:PW; 
and consequently (V. 14) PV=PW. ... [2] 


Again, since XY is parallel to VW, the triangles OTY, 
OPW, are similar, and also OTX, OPV ; 
consequently PW:TY = OP: OT (VI. 4), 
and OP: OT = PV:TX; 
whence, by equal ratios, PW: TY = PV: TX (V. 1}); 
but PW = by [2] above ; hence TY = TX (V. 11). 





By similar triangles, RU: TU = RO: TX (VI. 4), 
and RO:TX = RO:TY, for TX = TY ; 
also RO: TY = RS: TS (VI. 4); 


hence, by equal ratios, RU: TU = RS: TS; 
and therefore RU is cut harmonically. 


The demonstration may be more concisely stated thus, 
after proving the various triangles concerned to be similar : 
MO: PV = MQ: PQ = MN: NP = MO: PW;; therefore 
PV = PW. 

Again, TY: PW = OT:OP = TA: PV; but PW = PV; 
hence TY — TX ; 
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ako RU: TU = RO: TX = RO: TY = RS:TS; or RU 
ia cut harmonically. 

Corn.—lIf the harmonicals OM, ON, OP, OQ, cut a line 
MQ harmonically, and if another line R’'U be cut harmo- 
nically, so that one of the harmonicals a through one 
of its extremities U, and other two of them through two of 
the points of harmonic section S and T, then the fourth 
harmonical OM must pass through its other extremity R. 

For if not, let R’ be the other extremity of the line that 
is cut harmonically, then 


RU: = R’8: ST, by hypothesis ; 
but RU: TU = RS: ST, by the Exercise : 
whence R/U: RS = RU: RS (Y¥. 22) ; 
and R'U :SU = RU: SU, by conversion ; 


hence R'U = RU (V. 14); 
wherefore R and R’ must coincide ; that is, the point R in 
the line OM must be the other extremity of the line. 


BXERCISE XXIII.—THEOREM, 


If lines be drawn from the angular points of a triangle, 
through any point within it, to meet the opposite sides, and 
the points of section be joined, the former lines will be cut 
harmonically ; and if these lines be produced to meet the 
sides produced, the latter will be cut harmonically. 


Let ABC be the eagle: and O the point within it, and 
through O draw AD, BE, 


he 


GF, and join DE, EF, and I 
FD; then AD, BE, CF, are ye, ; 
cut harmonically. ane 


For produce FE and FD 
to G and H, and draw IK 
and GCH parallel to AB. . 
Then, since GH is parallel to * a OH 2 
LK, the triangles GCF, IOF, are similar, and also the tr- 
angles HCF and OKF ; therefore 

GC :10 = CF: OF, and CH: OK = CF: OF; 
hence (Y. 11) GC: 10 = CH: OK, and GC = CH (Kx. 
20) ; hence (V. 14) 10 = OK. 
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Again, the triangles ADF, ODK, are similar, and also 
APF and OPI, because IK is llel to AF; | 

wherefore AD: DO = AF: OK, and AP: PO = AF:I0; 
but the second ratios of these last two analogies are equal, 
because OK — I0) ; 

whence (V.11) AD:DO = AP: PO; 

consequently AD is cut harmonically; and in the same 
manner it can be shown that BE and CF are similarly 


ouf. 

Let DE, EF, FD, be produced to meet the opposite sides 
in N, M, and L, and these produced sides AL, BM, BN, 
are cut harmonically. | 

For the triangles ALF, CLH, are similar, and 80 are 
AEF, CEG, since GH is parallel to AF; 
whence AL: LC = AF:CH, and AE: EC = AF:CG; 
but the second ratios are equal, since CG = CH, 
whence (V.11) AL:LC = AE:EC ; 
consequently AI, is cut harmonically; and in the same 
manner it is proved that BM and BN are cut harmoni- 
cally. 


EXERCISR XXIV.—-THEOREM. 


If through any point within a triangle lines be drawn 
from the angular points to meet the opposite sides, and the 
lines joining the points of section be produced to meet the 
sides produced, the three points of concourse are in one 
line. 


Let ABC (fig. to last Ex.) be the given triangle, O the 
given point, and L, M, N, the points of concourse ; they 
ure in one straight line. 

For join LB; then, because the lines LB, LF, LA, and 
LN, cut BN harmonically (last Ex.), they are harmonicals ; 
and because three of the harmonicals cut the line BM in 
three points, B, D, C, of harmonic section, therefore the 
fourth harmonic, LN, must pass through M, the extremity 
of BM (22d Ex., Cor.) ; consequently the points L, M, N, 
are in one straight line.* : 

* The only demonstration that I have seen of this theorem is incor- 


rect, as it assumes DLN to be a triangle, whieh implicitly assumes 
L&N to be a straight line. | 
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Scno.ium.—The propositions stated in the enanciations 
of this and the preceding exercise are true, when the point 
is taken without the triangle. 


, 


EXERCISE XXV.—-PROBLEM. 


To draw a straight line so that the part of it intercepted 
between one side of a given isosceles triangle and the other 
side produced, shall be equal to a given line, and be bi- 
sected by the hase. 


Let ABC be the given isosceles triangle (first figure), 
and LM the given line; to draw a line Dit = LM, so that 
it may be bisected by AB. 


Draw AP, BP, perpendiculars to AC, BC, and PF per- 
pendicular to AB, bisect LM in N, und find a line GP u 
fourth proportional 
to AF, LN, and 
PF, and from P, / \ 
with radius PG, cut 7 
AB inG; join PG, =P, ye 
and draw DGEper- - / >, ‘ oe 
pendicular to PG, PONS. / a i - 





quired line. \ Fees, 
ForanglesPAD, si SN 
PGD, are might bt N al N 


angles, and hence 
PD is the diameter of a circle ing through the pone 
ADGP ; consequently angles PAG, PDG, are angles in 
the same segment of this circle, and therefore a (II. 
21); and consequently the triangles PAF, PIG, are 
similar, and therefore PF: FA — PG:GD; but PF: FA — 
PG: LN, by construction ; consequently GD = LN. 

Now in the triangles PAF, PBF, the angles at F are 
equal, being right angles, and those at A and B are equal, 
being the complements of the equal angles CAB, CBA, 
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and the side PF is common to both; hence the triangles 
are everyway equal (I. 26) ; therefore AF — FB. 

Again, angles PGE, PBE, being right angles, are pee 
hence PE is the diameter of a circle passing through 
sega P, G, B, and E ; and hence angles PRG, PEGS val 


in the same ent of this circle, and are con quently 
equal (III. 21) hen PEB, are 


similar ; 
and therefore PF: FB=PG: GE; bat PF: FB = PG: LN 
ve coustruction, since AF =<: FB; therefore DG = LN =: 


ence the two triangles PGE, P 


The same proof applies exactly to the second case, repre- 
sented by the second figure; that is, when PG is greater 
than PB or PA, and the line DGE must be drawn without 
the triangle ; on! i this case angle PEG + PBG = two 


right inciee yi Ee + PBG = two right 
angles; wherefore PBF 


Cor.—Any line PG bein — from P to any point 


G in AB, and a line DE drawn perpendicular to it, the 
latter will be bisected. 


EXERCISE XXYVI.-~PROBLEM. 


Given the altitude, the vertical angle, and the sum or 
difference of the sides of a triangle ; to construct it. 


Let LDH (fist figure) be the vertical angle, LD = DH 
=z half the sum of the sides, and DP = P, the altitude of 
the triangle. 

From centre D, with radius DP, describe the are oe 
draw LA, HA, ndicular to 
DL and DH ; jom LH and AD. 
Find MN a third proportional to 
AB and DP ; that is, 
let AB : DP = DP : cy or 
AB: MN — DF* .. 
and then find the pint F in 
AD, eo that DF may ‘be a third 


prvportional to to A¥ and MN (IL. | 
14); thas 


let AF: DF = DF:MN, or AF-MN = DF . . PJ 
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reir neele ena pe eee Aa 
AF ; that is, so that 
‘AB: AG = AG: AF, or AB- AF = AG! . 3} 
then draw AG from A, 20 as to terminate in the line H; 
GF, and produce GF both ways to I and K, and IDK 
wil be the reqasred required triangle. 


For the triangles ADL, ADH, have the side DL = 
DH, a AD (LO) they « the angles at a and WAS ds be 
angles ; hence are everywa t 
sage DAL OAR Again, the hie BG: ABL, ABH, 
have the side AL = AH, and AB common, and the angle 
an =- BAH; evr these igen el everyway bee 

; CO uently the angles at B are 
by (3] the tangles ABG, AGF, must be similar, as the 
sides about their common angle BAG are proportional 
he 6); hence angle AGF = ABG = a right angle. 
ence, if DE be a perpendicular on IK, the triangles AGF, 
el are similar, the vertical angles at F being equal, and 
ht angles at G and E; 
joe Da AF: AG=DF:DE . ee 
But AF?; AG* = AF: : AB (VI. 8, and Cor. 2 and 3) ; 
or AF*: AG? = AF’ MN: AB: MN, considering AF, A 
as the bases, and MN as the altitude of these two rect- 
angles (VI. 1); 
hence AF?: AG! = DF?: DF* by [2] and [1] above ; 
or AF: AG = DF: DP (VI. 22, Cor.) 
Bot AF:AG = DF: DE by (4) shove; 
hence DF: DP = DF: DE, and DE = = DP (V. ee 
Consequently DE is a radius of DEQ; bein 
Soo to IK, the triangle DIK has the given titade 


heein sine TK in perpendicular to AG, therefore it is 

eo a (Ex. 25, Cor.) ; there- 

fon 1D TDK L-+iIL-+- DH—KH = :DL+DH = 

aum of sides; and IDK is the given vertical angle ; conse- 
quently IDH is the required tnangle. 

_ The seoond case is, when the difference of the sides are 


ven instead of the sum. In this case, IDK in the second 
is the given vertical angle, as in the first case; but 
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the isosceles triangle LDH has for its vertical angle the 
angle LDH supple- . 
mentary to IDK, 
and its sides DL, 
DH, are each half 
the difference of the 
sides. AG is found 
as in the first case, 
the point F here 
being the intersec- 
tion of AD and IK, as in the first case; and it can be 
"pple here also (see 2d case of 25th Ex. and Cor.) that 

G = GK, and IL = KH = DK + DH; whence 

DI — DL = DK + DH, or DI = DK + DL+ DH; 
whence DI exceeds DK by DL + DH, or by the difference 
of the sides. The rest of the proof is the same as in the 
first case. Hence the triangle IDK has the given vertical 
angie, the given altitude DE = DP, and the given differ- 
ence of sides; it is therefore the required angle 





EXERCISE XXVII.-—PROBLEM. 


Given the base, the altitude, and the sum or difference 
of the sides of a triangle ; to construct it. 


Let AB be the base, H the altitude, and AC the sum of 
the sides of a tejangle ; to construct it. 

From A as a centre, with the radius AC, describe an arc 
CFQ of a circle; draw Q 
BD perpendicular to “Ss 
AB, and make BE, ED, 
each — H; find L, the 
centre of a circle BDF 
touching the are CF in 
F,and passing through 
the rier BDU. 
Bx. 14); join its centre ) 
L with A and B, and 
rn the required / 

é 











. ) 
For if PE be drawn perpendicular to BD, it will be a 
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chord of the circle DFB ois 3, Cor.), and therefore the 
centre L, of this circle will lie in PE; and AL produced 
must through the point of contact F (III. 11); conse- 
quently ALF is a straight line, and = AC; but AL+LB 
= AL+ LF; hence AL+LB= AC. Again, since PE 
and AB are both perpendicular to BD, they are parallel 
(I. 29); hence (I. 34, Cor. 1) the altitude of the triangle 
is == BE=H. ABL is therefore the required triangle. 


When the difference of the sides is given instead of the 
sum, tbe construction is similar. 

Let AG be the difference of the sides, and from the 
centre A, with the radius AG, describe the are GKN; 
draw BD and PE, as in the preceding case, and describe 
a circle PBD through the points B, D, and touching the arc 
GEN in K; and its centre L will be the vertex of the tri- 
angle, and ABL the required triangle. 

For the line AL, joining the centres, will pass through 
K ; hence AK = kt —LK = AL— LB, or AL— LB = 
AG. Hence ABL has the given base, the given height, 
and the difference of its sides equal to the given difference ; 
it is therefore the required triangle. 


EXERCISE XXVIII.—-PROBLEM. 


The altitude, the difference of the angles at the base, and 
either the sum or difference of the sides of a triangle being 
given ; to construct it. 


Let H be the altitude of the triangle, V the difference o/ 
the at the base, and § the sum of the sides; to con- 
struct the triangle. 

Construct, by the 26th Exercise, the triangle ACD 
having a vertical angle ACD 
= V, an altitude CE = H, Ais 


a 
and the sum of its sides AC, YI 
CD=89; produce AE to B, till | x 
EB = ED, and join BC; then \ 
a D b B 


ABC is the required en, 
For the triangles CED, C n 

have the sides CE, ED, respec- g 

tively equal to CE, EB, and p 
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the angles at E are equal; hence (I, 4) the triangles are 
everyway equal, and therefore CD = CB, and angle B = 
CDE. Now angle CDE = A+ ACD; therefore ACD is 
the difference between CDE and A, or between B and A; 
that is, it is = to V. Also AC+CB=AC+CD=<—S. The 

ABC, therefore, has the given altitude, the sam of 
its sides equal to a piven line, and the difference between 
the angles at its base equal to a given angle; it is therefore 
the required triangle. 


When the difference D between the sides is given instead 
of their sum; construct the triangle ACD so as to satisfy 
the conditions by the 26th Exercise, then construct the tri- 
angle ABC aa in the preceding case; then since AC — CD 
= D,and AC——CD = AC—CB, therefore AC —CB = 
}); and consequently ABC is the required triangle. 


EXERCISE XXIX——PROBLEM,. 


The altitude, the difference of the segments of the base, 
and either the sum or difference of the two sides of a tri- 
angle, are given ; to construct it. 


Let H be the altitude, D the difference of the segments 
of the base, and § the sum of the sides of a triangle; to 
construct it. 

Construct, by the 27th Exercise, the triangle ACD (fig. 
to last Ex.), having a base AD = D, an altitude CE = i 
and the sum of its sides AC, CD = 5; then complete 
the triangle ABC, as in the last Exercise, and it ts the 
required triangle. | e 

For it was proved, in the preceding Exercise, that OB == 
CD, and hence AC + CB = AC+CD; but AO+ 6D — 
8; therefore AC+CB=S5S; also AD = AE—ED — 
AE-—EB. Hence the triangle ABC has the given alti- 
tude, the difference of the segments of its base equal to a 
given line D, and the sum of its sides equal to S. 


When the difference of the sides D is given instead of 
their sum, construct the triangle ACD by the same Exer- 
cise, namely, the 27th (second case), and complete the tri- 
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angle ABC ; and it can be shown, as in the firat case above, 
that ABO is the requited triangle. 


EXERCISE XXX.-—PROSLEM. 


Given the altitude, the vertical angle, and the perimeter 
of a triangle ; to construct it. 


Let ACB be the given vertical angle, AC, CB, each equal 
to the semi-perimeter, and CD the altitude; to construct 
the triangle. 


Draw OA, OB, from A and B ndicular respectively 
to AC and BC; from C as a conte, with the valine CL, 
describe the arc DIE, and from O, with the radius OA, 
describe the arc AKB; draw FKIG a common tangent to 
these two arcs (IV. Exercise 7), K and I being the points 
of contact ; then FCG is the required triangle. 


For join OF, OG, OK, and CI; then the two triangles 
OAF, OKF, have OA = OK, and OF 
common, and the right angles A and 
K; hence (1. C, Cor.) the triangles 
are everyway equal, and therefore OF 
bisects the angles AFK; and it is 
similarly proved that OG bisects the 
angle BGK ; wherefore (VI. K) AF = 
KF, and BG = KG;; therefore CF + 
CG + FG = CF + FK + CG 4+KG QO 
=: CF + FA +CGQ+GB = CA +CB = the given peri- 
meter; also CI is perpendicular to FG (IIT. fe), and it 
ea a The pet FCG, abe has the given 

j e given vertical angle, and the given perimeter ; 
it is therefore the required triangle. lie 
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GEOMETRICAL MAXIMA AND MINIMA, 


EXERCISE I.——PROBLEM. 


* 


A straight line and two points without it being given, to 
find a point in it such that the sum of the lines drawn from 
it to the given points shall be a minimum. 


Tet P, Q, be the given ue and AB the given line; 
to find a point, as C, in AB such that PC + CQ shall be 
ms least ee 


ndicular to AB, and produce QB till 
BD = "BQ; join in DP, and C is the re- p 
quired point. 
For join CQ; then in the two tri- 
angles BCQ, BCD, the side BD — 
and BC is common to both, and 
the angles at B are equal, being right ; 
consequently (I. 4) the triangles are 
everywa and therefore CD = 
CQ, and PO +4 CQ = PC+CD=PD. Now if any ne 
pots as E, be taken in AB, and EQ, ED, be joined, it can 
roved, in the same manner, that the triangles BEQ, 
BED, are everyway pei and hence EQ= ED. Hence 
PE + EQ = PE + ED; but (I. 20) PE+ED is greater 
than PD, which is equal to PC + CQ; consequently 
PE+ EQ is ater than PC + CQ. It can ms ly be 
proved that PC + CQ is less than the sum of the distances 
of any other point in AB from P and Q; hence PO 4 CQ 
is @ Minimum. 





EXERCISE I!.—~THEOREM. 


If an eccentric point be taken in the diameter of a circle, 
of all the chords passing through this point, that is the least 
which is perpendicular to the eter. 


Jat R be an eccentric point in the diameter MN of a 
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circle, then of all the chords passing through R, that which 
is perpendicular to MN, namely, PQ, is the least. 

For draw through R any other chord ST, and from the 
centre O draw OV dicular to ST; ee 
then in the right-angled triangle ORV, 
the hypotenuse OR 1s ter than the 
side OV ; consequently dit. 15) the chord 
PQ is less than ST. In the same way 
it can be proved that PQ is less than a 
any other chord passing through R; hence PQ is a 


nunimuM.. 





EXERCISE I1-—THEOREM. 


Of all triangles that have the same vertical angle, and 
whose bases through a given point, that whose base is 
bisected by the point is a minimum. 


Let ACB be the given vertical angle of triangles whose 
bases pass through a given point P, and let AB, the base 
of the triangle ABC, be bisected in that point, then ABC 
is the least of all the triangles. 

For let DCE be another triangle, and through B draw 
BF parallel to AC; then in the triangles APD, LPF, the 
vertical angles at P are equal, and the : 
alternate angles A and PBF are also 
equal, and the side AP = PB; con- 
sequently the triangles are everyway 1D 
equal, and therefore their areas are A , DB 
so; hence triangle PBE is greater = es 
than APD. To each of these unequal 
a ay add the i teral CDPB, and the first sum, 

y, the triangle CDE, is greater than the other sum, 
namely, the triangle ABC. The same can be proved of the 

AB, and any other whose vertical angle is C, and 
whoee bese passes through P ; hence ABC is a minimum. 


BXERCISZ 1V.——-TH EORKEM. 


The sum of the four lines drawn to the angular points of 
any quadrilateral from the intersection of the diagonals, is 


b4: . KEY TO PLANE, GBOMETRY, 


Jeas than that of any other four lines similarly drawn from 
any other point.- 


Let the diagonals AC, BD, of the quadrilateral ABCD 
intersect in E, and let F be any other point; then AF + 
FB + FC + FD is greater than AE + EB + EC + ED. 

For in the triangle AFC, AF + FC is greater than AC 

I. 20); and similarly in triangle yp C 

FD, BF + FD is greater than BD ; 
consequently AF + FC + BF 4+FD 
is greater than AC+ BD; that is, 
than AE + EB +EC+ ED. It can 
be similarly proved that the sum of 4“- y 
the lines drawn from E to the angular points, is less than 
the sum of the distances of any other point from them ; 
hence the sum of the distances of E from the angular points 
is a minimum. 


EXERCISE V.——PROBLEM., 


To find a aa in a given line, such that the difference 
of the lines drawn to it from two given points may be a 
maximum. 


Let AB be a given line, and P, Q, two given points; it 
is required to find in AB a point such that the difference 
of its distances from P and Q may be a maximum. 

Join PQ, and produce PQ to meet AB in R, and BR is 
the required point. 

For take any point A in AB; join AP, AQ, and in the 
line AQ cut off AC = AP, and join PC. Then (I. 5) in 
the triangle APC the angles at P P 
and C are equal, and therefore 
each less than a right angle (I. 17); 

uently angle POQ is obtuse Y 
(I. 18, Cor.); and therefore the 
side PQ of the triangle PCQ must 4 BOR 
be greater than the side CQ. But PQ is the difference 
between PR and QR, and CQ is the difference between 
AP and AQ; hence the difference of the distances of R 
from P and Q exceeds the difference of the distances of 


a 
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any point, as A, from P and Q; consequently PQ is a 
maximum, and R is the required point. 


When the point A is such that AP = AQ, it is manifest 
that A ie not the required point. 

When AP is greater than AQ, interchange the letters 
P and Q, and the same proof will apply. 


EXERCISE VI.—PROBLEM, 


A straight line, and two points on the same side of it, 
being given, to find a poe in it such that the angle con- 
tained by lines drawn from it to the given points shall be u 
maximum. 


Let P, Q, be the given points, and MN the given line; 
to find a point T in that line such that angle PTQ shall be 
greater than any other angle PMQ formed at any other 
point in MN, by lines drawn to it from P and Q. 

Join PQ, and describe (IV. Exercise 9th) through the 
points P, Q, a circle touching the line MN, ~™ 
and the point of contact T is the er as ~ 

int. 

For draw PT, QT, and in MN take 

other point M, and join MP and LN 
Ro. Then on gle PRQ = PTQ (IEP. 22); \ 
but PRQ is ter than PQ. (I. 16); p 
conseq vent! PTO i is also greater than PMQ. It is simi- 
baily proved. that PTQ exceeds any other angle formed at 
any point in MN by lines drawn from it to P and Q; 
therefore PTQ is a maximum. 


EXERCISE VII.-—~THEOREM. 


The gum of two lines drawn from two given points to a 
point in the circumference of a given circle, is when 
they are aay inclined to radia or the tangent 
drawn to that point. 


Let E, F, be the given points, and LGK the given circle ; 
any two lines EG, GF. dhe drawn to a point G in the circum- 
ference, such that they make equal angles with the radius 
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OG, are together less than the sum of EK, KF, drawn to 
any other point K of the circumference. 

For join IF, and draw the tangent MGI. Then because 
EG, GF, make equal angles with OG, 
angle EGO = FGO; from these angles 
take away respectively the right angles 
OGM, OGI, and the remaining angles 
EGM, FGI, must be equal. Since, then, 
EG, GF, make equal angles with MI, 
they are together less than the lines EI, 
IF, drawn to'I (Jat Exerciae); but KI 
and KF are greater than IF; to each add 
IE; therefore FK ond KE are greater - 
than IF and IE; but EG and GF are less than EI and 
IF ; consequently EG and GF are still Jess than EK and 
KF. The same can be proved wherever K is taken in the 
circumference ; hence EG + GF is a minimum. 





EXERCISE VIII.—~PROBLEM, 


Given three points; to find a fourth such that the sum 
of its distances from the given points shall be a minimum. 


Let E, O, F, be three points; to find a fourth G such 
that the sum of ite distances EG, FG, and OG, from the 
three given points, shall be a minimam. 


Let OG be the distance of the required point from O, 
whatever that may be, and describe the arc HGI, with 
radius OG and centre QO; then the re- 
quired point must lie in the arc HGI, 
and the sum of the other two lines EG, 
GF, must therefore be a minimum. 
But this is the case (last Exercise) 
when they make equal angies with the 
radius OG; that is, angle OGE — OGF. © ¥ 
In the same manner, by describing an arc from E as a 
centre, and with a radius equal to the assumed distance of 
the required point G, it can be proved that OG and GF 
must make equal angles with EG. Consequently, when. 
the three angles at G are equal, the sum of the three lines. 
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EG, FG, and OG, is a minimum. Since the three angles 
are equal, each of them must be the third part of four right 
angles, or equal to a right angle with the third of a right 
angle; therefore, if on any two of the three lines EF, FO, 
OL, joining the points, segments of circles be described, 
each containing an angle equal to the third part of four 
ight angles, that is, equal to double one of the angles 
of an equilateral triangle, they will intersect each other in 
the required point G. 


PLANE LOCI. 


RXRRCISE 1.—~ PROBLEM. 


To find the locus of the vertices of all the triangles that 
have the same base and one of their sides of a given 
length. 

Let AB be the given base, and the line L the given 
length of one of the sides of a triangle ; to find the locus of 
its vertex. ae 

From A as a centre, with the radius AD = 1, describe 
the arc DCE, and it is the required locus. 

For take any point C in the arc, and join CB; then the 
triangle ABC has the given 5 
bese AB, and one of its sides ee 
AC equal to the given line 
L; hence the point C is the ve 
vertex of a triangle fulfilling Se 
the assigned conditions of the A U B 
problem. It can be similazly ae 
proved that any other point in ra leg pcesarane Nt ala 
& tri satisfying the given conditions ; consequently the 
are DOE the Soraired locwe 


| L—PROBLEM. 


| Find the locus of a point that is at equal distances from 
two given points. 
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Let E, F, be the two given points; it is required to find 
the locus of all the points that are equi- ¥ 
distant from E and F. | 

Join EF, and bisect it perpendicularly by G 
PI, and this line is the required locus. 

For take any point Gin IP, and join EG, 

GF. Then in the two triangles EIG, FIG, 

the side EI — IF, and IG 1s common, and 

the angles at I are right; hence (I. 4) the E IF 
triangles are everyway equal, and therefore 

EG =GF. Now, G is any point in IP; hence IP is the 
required locus. 


RXERCISE I1I.-—PROBLEM. 


To find the locus of a point that is equally distant from 
two given lines, either parallel, or inclined to one another. 


Let AC, AB, be the given lines; it is required to find 
the locus of all the points that are equidistant from these 
lines. 

Bisect the angle BAC by the line AD, and it is the re- 
quired locus. 

For from any point O in AD draw the perpendiculars 
OE, OF, and it can be proved (Book Cc 
I. Ex. 8) that OF = OF ; and there- 5 
fore the point O is equidistant from 
the two given lines AB, AC; the D 
same can be similarly proved of any Z 
other point in AD; therefore AD is 
the required locus. A ¥ 8B 


When the given lines are lel, draw a line perpen- 
dicular to at them, and Aaa be dicular to the 
other i 29); then through the middle of this di- 
cular draw a line parallel to the given lines, and it ia the 
required locus. | | 

For every point in the middle parallel is equidistant 
each of ibe ives parallels (I. 34, Cor. i}; and as one 
point in it, namely, the middle of the above ieular,... 
is equidistant from the given parallels, therefore every poi 
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in it is equidistant from them both; it is therefore the 
required locus. 


EXERCISE 1V.~-PROBLEM. 


To find the locus of the vertices of all the triangles that 
have the same base and equal altitudes. 


Let MN be the given base, and A the given altitude of 
a triangle ; to find the locus of its vertex. 

Draw MP perpendicular to MN, and make it = A, and 
through P draw bo parallel to MN; and PQ is the re- 
quired locus. 

For in PQ take any point V, and join MV and NV; 
then e 34, Cor. 1) a perpendi- oP a ld 


cular from V on MN would be = es 
MP =< A; and consequently, what- 
ever point V is taken in PQ, the a 


triangle thus formed has the given Mr 
base and the given altitude ; there- N 
fore PQ is the required locus ofthe 4 
Vertices. 

EXERCISE V.—PROBLEM. 


To find the locus of the vertices of all the triangles that 
have the same base and one of the angles at the the 
tame. 


Let AB be the given base of the triangles, and let one 
of the angles at the base be equal to the given angle V ; 
to find the locus of the vertices. 

Draw a line AD, making with AB D 
an angle A — VY, and AD is the re- 
quired locus. C 

For take any point C in AD, and 
join BC; then the triangle ABC has 
pra ia eageniet an angle A A B 
at the base equal to the given angle 
Vs and the same can be proved 1 
Wherever the point C is taken in 
AD; therefors AD is the required locus. 
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EXERCISE VI.—PROBLEM. 


To find the locus of the angular point opposite to the 
hypotenuse of all the mght-angled triangles that have the 
same hypotenuse. 


Tet AC he the given hypotenuse; to find the locus of 
the angular point of the right angle of all the nght-angled 
triangles that can be constructed on AC. 

On AC as a diameter describe the semicircle ADC, and 
it is the required locus. 

For in the circumference take any point D, and join AD, 
DC; then (IIL. 31) angle D is a right scare 4 
angle; consequently the triangle ADC 1s a. 
right-angled, and it has the given hypo- 
tenuse AC); the same can be proved {7 
wherever the point D is taken in the cir- 
cumference ; hence the are ADC is the required locus. 


“4 
A 
c 


EXERCISE VITI.—-PROBLEM. 


To find the locus of the vertices of all the triangles that 
have the same base and equal vertical angles. 


Let AB be the given base, and G the given vertical angle 
of a triangle ; to find the locus of its vertex. 

On AB describe a circular segment AIIB, containing an 
angle equal to given angle G (TIL. 33); 5 i" 
und the arc AHBD is the required locus. Za ie ‘. 

For the triangle ABI has the given \ 
base AB, and its vertical angle H is equal 
to the given angle G; the same can be proved if HI were 


any other point in the arc AHB; it is therefore the re- 
quired locus. 


EXERCISE VIII.—-PROBLEM. 


To find the locus of the vertices of all the triangles that 
have the same base and equal areas. 


Let BC be the given base, and the area of the triangle 
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ABC the given area; to find the locus of the vertices of 
triangles that have the same base and area. 


Through A draw EF parallel to BC, and it is the re- 


quired locus. kA ¥ 
For in EF take any point D, and join die 

BD, CD; then the area of triangle BCD a, 

is equal to that of ABC, and it has also a 


the given base BC; since the same can 
be proved wherever the vertex D is taken in the line EF; 
therefore it is the required locus. 


If the given area is that of any given rectilineal figure, 
it can be reduced to a parallelogram by 1. 45, and the pa- 
rallelogram thus found can be apphed to half of the given 
base BC by I. 44; and then any triangle ABC being con- 
structed on BC, having an altitude equal to that of the 
parallelogram, will be equal to the given area ({. 41). 


EXERCISE IX.—-PRODBLEM, 


To find the locus of the vertices of all triangles that have 
the same base, and the sum of the squares of their sides 
equal to a given square. 


Let AB be the given base, and S the side of a square to 
which the sum of the squares of the two sides of each tri- 
angle must be equal ; it is required to find the locus of the 
vertices of all the triangles that have ADB for a base, and 
the sum of the squares of their two sides equal to the 
square on 5. 

Bisect AB in D, and then find a line G equal to the 
diagonal of a square of which AD is the side (I. 46); next 
find a line H st square is equal oe 
to the difference between the squares a 
of Sand G; and then find a line = / 
CD equal to the side of a equare of / 
which I] is the diagonal; which is {- 7- 
done bY, describing on H, as a base, EA Pe 
a triangle having each of the angles S-——-- .. --... --- -- 
at the a half a right angle (see G--- --—  - 
fig. to Prop. K of Book V., where ii-—-.-. --~ —-- 
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AC is the diagonal of a square, and AB, BC, the sides) ; 
and lastly, from D as a centre, with the radius CD, describe 
the semicircle ECF, and it is the required locus. 

For AC? + CB? = 2 AD? 4+ 2CD? (IT. A); 
and 2 AD? = G? (I. 46 and 47); 
also 2CD? — IL; 
consequently AC? + CI? = G? 4+ H?. 
But 1H? — 5? — G®, and adding G? to these equals, 

r+ii?—s*; 

hence also AC? + CB? = S&*. 
Therefore the sum of the squares of the sides of the tri- 
angle ABC is equal to the given square of S, and it has 
the given base ; and since the same can be similarly proved 
wherever the point C is assumed in the are ECF ; therefore 
it is the required locus. 


EXERCISE X.——PROBLEM. 


If straight lines drawn from a given point to a given line 
be cut ina given ratio, to find the locus of the point of 
section. 


Let P be a given point, AB a given line, and M, N, two 
lines in & given ratio; to find the locus of the point of 
section of lines drawn from P to AC, when they are divided 
in the given ratio. 


Draw any line PA from P to AB, and cut it in D in the 
iven ratio; that is, so that 1. 
D:DA = M:N; through D ao 
draw DE parallel to AB, and : 
it is the required locus. 
For in DE take any point EF; ae 
join PE, and produce PEtoC; —< 
then since DE is parallelto AC, — + Cc UR 
therefore (VI. 2) Ste ee 
PD:DA=PE:EC; 
but YD:DA = M:N by construction ; 
hence PE: EC = M:N by equal ratios (V. 11); 
and as E is any point in DE, therefore DE is evidently the 
required locus. 





a 
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EXERCISE XI.——-PROBLEM. 


To find the locus of the vertices of all the trinngles that 
have the same base and the ratios of their sides equal. 


Let FE be the base of the triangle, and Jet it he cut in A, 
so that FA: AB is the ratio of the sides (VJ. 10). 
Produce FD to C, so that FC: CE may = FA: AF (VE. 
Ix. 5); on AC as a diameter ya 
describe the circle ABC, and it is Sis 
the required locus. 
For, by construction, FC:CE 
—-FA:AE; 
hence, by alternation, FC:FA = CE: AE; 
hy mixing (V. G), FCO + FA: FC—FA = CE + AE. 
CE— AE; 
or 29DF:2AD =—2AD:2DE; 
wherefore (V.15) DF: AD = AD: DE; 
hence (VI.16) ED: DF = AD*. 
It can therefore be proved, exactly az in Prop. F of Book 
VI, that FB: BE= FA: AE; 
that 1s, the ratio of the sides is the piven ratio of FA: AE ; 
and .as Bis any point in the circumference of the circle 
ABC, therefore it is the required locus. 





EXERCISE X1II.——THEOREY. 


If astraight line drawn from a piven point, and termi- 
nating in the circumference of a given circle, be cut in a 
given ratio, the locus of the point of section is also the cir- 
cumference of a given circle. 


Let AKE be a given circle, P a given point, and PA 
any line drawn from P, and terminating in the circumfer- 
ence AKE of the given circle; let PA be cut in I, so that 
PA: PB ina given ratio; then the locus of the point B is 
also a circle. 


For join A and the centre C of the given circle; draw 
G 
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PCK through the centre C, and BD parallel to AC ; thena 
circle described from 
I) as a centre, with 
radius DB, 18 the re- 
quired locus BGF. 
For (VI. 4) PA 
PB=AC:BD; 
wherefore AC: BD is 
the given ratio; and 
if any other point FE. be taken in the circumference of the 
circle AK BK, and the radius CE be drawn, and DF parallel 
to it, the jine joining P and F, namely, PE, will pass 
through F. 
For PD:PC=DRBR:CA; 
therefore PD:PCG = DEF-CE. 
Now, if PE cut DF in any other point than F, namely, F’ 
(not shown in the figure); then, since in the tnangles 
PDE PCH, the angles at D and © are equal (1. 29), and 
Pos common, they are equiangular ; 
and consequently PD: PC = DE: CE; 
whence DF-CE = DE:CE: 
and therefore DE = DE, or the point IY coincides with F. 
Now ois any point in the circumterence AKE ; where- 
fore BGF is the required Jocus. 





EXFRCISEK XIU.——THEOKEM, 


If one of the extremities of straight lines drawn through 
a given point be terminated ina given straight line, and 
their other extremities be determined, so that the rectangle 
under the segments of cach line is equal to a given rect- 
angle, the locus of these extremities will be the circum- 
ference of oa circle; and if one of the extremities be 
terminated in the circumference of a circle, the locus of the 
other extremities 1s a straight line. 


Tet A be the given point, and EF the given line; then 
if any line, as BE, be terminated at one extremity F in the 
line EF, and if the rectangle BA: AF is to be equal toa 
piven reetan le, namely, DA: AC; then the locus of the 
point B will be a circle. 
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Let DC be perpendicular to EF, and on AC deseribe a 
circle ABC, and it is the required locus. 
For since FA+ AB = DA> AG, there- : a 
fore (VI. 16) FA: DA = AC:AB; but 
angles DAI, BAC, are equal (1. 15); fy a 8 


ieee «* ID 


hence (VI. 5) the triangles ADF, ABC, BG 4 
eee | 


a 


are similar, and hence angle ABC = 

ADF; but ADF is a right angle, con- 

sequently ABC is also a right angle. 

But whatever be the direction of BF, the same can he 
proved; and as the angle ina semicircle is a night angle. 
the point B will always lie in the circumference of a semi- 
circle of which AC is the base; consequently the circle 
ABC is the required Jocus. 

Again, if the rectangle FA* AB is always = DA: AC, 
and if the extremity B oof the line GP is terminated in the 
circumference of a circle of which AC is the diameter, its 
other extremity F° will be terminated in a straight hne EP, 
perpendicular to CD. 

Kor it can he proved, exactly as above, that the triangles 
ADF, ABG, are similar, and therefore angle ADF = ABC; 
but angle Bis right (LIL. 31); consequently angle ADE is 
aright angle. Whatever be the direction of the line BE, 
it can be similarly proved that the side DPF as perpendi- 
cular to AID; consequently the locus of Fis the straight 
line KF. 

Whatever rectangle is piven, if Mand N are its sides, 
then, assuming AD) for one side of another equal rect- 
angle, the side AC can then be found (VE. 12, and 
VI. 16). 


PORISMS. 


EXERCISE 1.—PRONLEM. 

Two points being given, to find a third, through which 
any straight line being drawn, the perpendiculars upon it 
from the two given points shall be equal. 

Let M, N, be the given points, to find a third, as (), 
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through which any line XY being drawn, the perpendi- 
culars MR, NS, drawn upon it from M and N may be 
equal. 
Join MN, and bisect MN in O, and O is the required 
oint. 
: For draw any line XY through O, and the perpendi- 
culars MR, NS, upon it. Then in 
the two triangles MOR, NOS, the e 
angles at O are ae (I. 15), and 
the angles at R and S are also equal, 
being right, and the side MO=ON *—® 
by construction; hence (I. 26) the Ss Y¥ 
triangles are everyway equal, and 
therefore MR = NS. The same a 
can be proved of the perpendiculars 
from M and N on any other line through QO; hence it is 
the required point. 


EXERCISE I1.-—PRORLEM. 


Three points being given, to find a fourth, through which 
any straight line being drawn, the sum of the perpendi- 
culars upon it from two of the given points on one side of 
it, shall be equal to the perpendicular on it from the third 
point. 


Tet A, B, C, be three points, to find a fourth E, through 
which if any line GH be drawn, the sum of the perpendi- 
culars AG, CH, from the two points on one side of it, shall 
be equal to the perpendicular BF from the point on the 
other side of it. 

Bisect AB in D, join CD, and cut CD in E, 80 that 
CE:ED = 2:1], and E is the re- B 
quired point. 


For draw AL parallel to GH, and 
draw DI perpendicular to GH, and Dy 
roduce BF and DI to L and K. e {zp uid 
hen by similar triangles ABL, eZ is _ | 
ADK, AB: AD=BL:DK; aA K L 
but AB = 2 AD, therefore BL = C 
2 DK; and “taking FL = 1K from both these equals, there- 
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fore BE = 2 DI + 1K =2DI+ AG, for IK = AG (1. 34). 
Again, since CEH, DET, are similar triangles, 

EC: ED=CH:DI; 
but, by construction, EC = 2ED; hence CH = 2 DI. 
But BE = 2DI+ AG; therefore BF = CH +AG; and 


therefore Io ig the required point. 


Cor.—Ilence the perpendicular drawn from the middle of 
a given line on any line, is equal to half the sum or half the 
difference of the perpendiculars from its extremities on the 
same line, according as the extreme perpendiculars are on 
the same, or on different sides of the ine 

For AB being the given line, and GH any other line, it 
was shown that BL = 2DK; 
therefore BL—2FL=—2DAK—2Ik:; 
or BE—FL—2)DI; 
and since FL = AG, hence BE — AG = QDI. 

When the perpendiculars are all on one side of the lice, 
the proof is more simple. 


When there are four points given, to find their mean 
distance (see remark after the 2d Exercise in the PL. Ge.) 


Let A, B,C, D, be the four points; find E the point of 
mean distance of A, B, C, as above; join ED, and divide 


ED in F, so that DF: FE = R 

3:1; then Fis the required | 
int. > - C 
For draw any line IFN —° H By HH 


through PF, and GH through -)}-/—7 —.e — 
F. parallel to IN, and AG, BL, "| / an 7 
CN, DM, and EK, perpendi- |, | 
culars to these lines. Then, 
as above shown, BR+CH = AG; 
hence, since IG, EK, RL, HN, are equal, 

BR4+RL4CH+HN=AG+2EK; 
or =| BL4+CN= AI+4+1G+42EK = AIL+439 ER. 
Now, from similar triangles DMF, EKF, 

DF: FE= DM:ER; 

but DF = 3 FF. by construction; hence DM = 3 EE. 
Consequently BL4+CN = AI+DM; 
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F is therefore the point of mean distance of A, B, C, 
and I). 


The demonstration may be similarly extended in succes- 
sion to five, six, or any number of points. 


EXEMCISE WI.—PROBLEM. 


A straight line and acircle being given, to find a point 
such that the rectangle under the se ments of any straight 
line drawn through it, and limited hy these, shall be equal 
to the rectangle contained by the extern: iL se gment of a 
diameter perpendicular to the line, and produced to meet 
it, and the diameter itself. 


Let ABC be the given cirele, and EE the given line, and 
AC:* AD the given rectangle, CD being perpendicular to 
EF. 

The extremity of the diameter A is the required point. 

For draw any line BAF through A, 


and hmited by the circle and given line, 
and join BC. Then the triangles ADE, an “iy ' 
ABC, are similar, as the opposite angles | | 
at A are equal, and the right angle at D Aa 


is equal to B, an angle in the semicircle \. / | 

ABC; hence the triangles are equian- ered | 

gular, and consequently 

AD:AF = AB: AC; and hence (VE. 16) AB: AF = 
AD: AC; and since the same can be proved of any other 
line through A, limited by the circle and given line, there- 
fore A is the required point. 


PLANE TRIGONOMETRY. 


EXERCISE I.-—THBOREM. 


If in any triangle a perpendicular be drawn from the 
vertex upon the base, the segments of the base have the 
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same ratio as the tangents of the parts into which the ver- 
tical angle is divided. 


Let ABC be a triangle, and CD perpendicular to AD, 


then AD: DB = tan ACD: tan BCD. ° 

For (Pl. Trig. Def. 4*) when CD is Pan 
made radius, C being the centre, AD is \ 
the t tangent of angle ACD, and DB is J a 
tangent of ancle BC Ds hence (PL Pig. 8) aro oh 


AD: DB = tan ACD: tan BCD. 


EXERCISE TL-- THEOREM, 


The base of a triangle is to the sum) of its two sides as 
the cosine of balf the sum of the angles at the base to the 
cosine of half their difference. 


Tet ABC be any triangle, and BO its base; then 
BC: BA + AC = cos }(B4+C): cos § (BHC). 

For it is proved in Prag VI. VI. pee that angle ARC 
=4 (B40), ECB= 3 (C—B), 
and that BD = DA s AC, 
Now (PL. Trig. 5) in triangle [_- Ps 





BCD, so 

BC: BD sin Di sin BCD. vo saa 

But DEC or AEC is the complement of D, Knee DC In isu 

nght angle (PL Tng. Def. 8); and angle ECB is the com- 
lement of BCD, as it is its difference from the right angle 
CE: consequently sin D = cos DEC, and sin BCD = 

cos ECB ; 

therefore BC: BA + AC = cos DEC: cos ECB. 


EXERCISE HI.—THEOHKEM. 


The base of a triangle is to the difference of its sides ns 
the sine of half the sum of the angles at the base to sine of 


half their difference. 


Let ABC be any triangle of which BC is the base, then 
BC: AB— AC = sin 4 (B+4C): sin 4 (BH~C). 


* This ts Definition 4th of Plane Trigonometry. 
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For it is proved, in the 6th Prop. of Pl. Tng., that 
BE = AB—AC, ECB = . 
4 (C—B), and AEC=—}(B+C); aa 
also (PI. Trig. Def. 2) BEC is a 
the supplement of AEC; and an 
therefore (Pl. Trig. Cor. 3 to ? - : B 
Def.) sin AEC = sin BEC. Now in triangle BCH 
(Prop. 5) BC: BE = sin BEC: sin BCE, 
or BC: BE = sin AFC: sin BCE; 
. that is, BC: AB— AC = sin 4 (B4+C): sin } (C—B). 


EXERCISE IV.—THEOREM. 


The base of a triangle is to the difference of its segments 
as the sine of the vertical angle to the sine of the difference 
of the angles at the base. 


Let ABC be a triangle, AF the difference of the seg- 
ments of the base, and "ACE the difference of the angles 
of the base, then 


AB: AE = sin ACB: sin ACH. 


For let CD be perpendicular to AB, make DE = DB, 
and join CK; then (1. 4) the triangles 
CDB, CDE, are everyway equal, and 
therefore angle CED =B. But CED 2 
= A+ ACE; consequently angle ACE fy é 
8 the difference between CED and A, /. 
that is, between Band A; or ACE = 4 
B— A. Now, in triangle ABC (Trig. Prop. V.) 

AB: AC = sin ACB: sin B; 
and in triangle ACE, angle AEC is the supplement of 
CED ; and hence (PI. Trig. 3), sin AEC = sin CED or 
sin B: also 

AE: AC = sin ACE: sin AEC or sin B; 

whence, by direct equality (V. 22, or Ad. V. 11), 

AB: AE = sin ACB: sin ACE; 
but AE = AD—ED — AD—DB = the difference between 
the segments of the base, and ACE = B— A; therefore 
AB; AD — DB = sin ACB: sin (B— A). 
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EXERCISE V.-—THEOREM, 


Half the perimeter of a triangle is to its exceas above the 
hase, as the cotangent of half either of the angles at the 
base to the tangent of half the other angle. 


Let ABC bea triangle, then, if = 4(AB4+RBC+4CA), 

S:S—AB= cot} A:tan] B; 

or ape a 

For (VI. K) CF or CE = S8—AB=CM—AB, 

AK = BL, ED = DL (VEIN), and 
MG = Gk. 

Now, in triangle AGK, when AK 
is radius, GK is tan GAR ; therefore rae. 
AK: GK = radius: tan GAk. Pe oe ia 

So, in triangle BDL, when Blois ra- 074 
dius, BL: DL = radius : tan DBL. ae ez 
But AK = BL; wherefore, by direct Sy 
equality (WV. 22, or Ad. V. 12), ee 
GK: DL = tan GAK : tan DBE. 

Now (VI. T1) DAL is the complement of GAK, 
and hence (Trig. Def. 8) tan GAK = cot DAL ; 
wherefore GK: DL= cot DAL: tan DBL. 
But GK = GM, and DL = DE; also triangles CMG, 
CED, are similar ; 
wherefore GK: DDL, or GM: DE = CM:CE; 
hence CM:CE = cot DAL: tan DBL. 
Again (Triz. Cor. 4 from Def.) cot DAL: tan DAL = R? = 
cot DBL: tan DBL; whence (VI. 16) 

cot DAL: tan DBL = cot DBL: tan DAL; 
and consequently also CM: CE = cot DBL: tan DAL. 
Now, CM = 8, CE =S— AB, DAL = 4 A,and DBL = 
4B; 
eee S:S—AB=—coth A:tand B; 
and S:S—AB = cot 415: tan 4 A. 





EXERCISE V1I——THEOREN. 


The excess of half the perimeter of a triangle above the 
less side is to its excess above the greater, as the tangent of 
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half the greater angle at the base to the tangent of half 
the less. 


Tet ABC he a triangle, then S—BC:S—AC = 
tan} Bs tan 4 A. 

For RK = BN = CN— BC =S—BC (VL JH); 
and AK = AM — CM — AC = 
S—AC; also in triangles AGK, BGR, 
when GI 3s radius, AK, AB, are tan- 
gents of the angles AGK, BGK, re- 
spectively, or cotangents of GAK and 
GBK, the complements of the former ; ¥ 
hence GROIN B <= radius : eot GBR, 4 
and GRO: AK = radius: cot GAR ; 
wherefore, by direct equality, 

BK: AK = cot GBK scot GARB. 
But (VE. ED) angle DAL is the complement of GAR, and 
DBL is that of GBR 5 hence (Trig. Def. 8) 
BR: AK = tan DBL: tan DAL; 

or S— BC :S— AC = tan} B: tang A. 





EXERCISE VII.—-THEOHEM, 


In a right-angled triangle, radius is to the sine of double 
one of the acute angles as the square of half the hypotenuse 
to the area of the triangle. 


Let ACB be a right-angled triangle, of which C is the 
right angle ; then, if AB be bisected in D, 
radius : sin 2 A = AD?: area of ABC. 
For join CD, and draw CE perpendicular to AB; then 
it can be proved, exactly as in Ex. 22 
of Book I, that CD = AD; hence 


Cc 
(1.5) angle ACD = A; but (I. 32) Pe 
angle CDE = A+ ACD; wherefore , 7: | 
CDE = 2A. Now in triangle CDE,“ | 
when CD is radius, CE is sin CDE; = a tee. 
wherefore CD:CE =< radius: sin CDE or sin 2 A. 
Now if CD, CE, be the bases of two rectangles, whose alti- 
tudes are equal to AD, then (VI. 1) 

CD:CE = AD-CD: AD-CE. 
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But AD-CD = AD’, and AD-CE = area of triangle 
ABC; wherefore, from equal ratios, 
radius: sin2 A = AD?: area of ABC. 


EXERCISE VITV--—THFOREN. 


Radius is to the tangent of half the vertical angle of a 
triangle, as the rectangle under half the perimeter and iis 
excess above the base, to the area of the triangle. 


Tet ABC be a triangle; then, assuming S r= half the 
stm of its sides, 
radius: tan PC = S(S—- AB): ABC, 
ABC denoting the area of the triangle. 


For angle DCE = EC, and when CE as radius, ED is 
tangent of angle DCE (Trig. Def. 4); a 
hence radius: tan DCE = Ch: ED. Pe \ 
Now if CE, ED, are the bases of two be \ 
rectangles, of which CM as the aln- vA oe 
tude, then (VIE. 1) oe 

Cheb ipo CM CEE CM, . ew 
But (VIL) EDOM = triangle ABC, 

CMS (VIN), and Ch = S—AB : 

(VI. RK); wherefore a 
Cl: ED S(S— AB): triangle ABC; 

and henee radius: tan) Co A(S—- AB): ABC. 


1 
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